Simple Stresses 
Simple stresses are expressed as the ratio of the applied force divided by the resisting 


area or 


o = Force / Area. 


It is the expression of force per unit area to structural members that are subjected to 
external forces and/or induced forces. Stress is the lead to accurately describe and 


predict the elastic deformation of a body. 


Simple stress can be classified as normal stress, shear stress, and bearing stress. 
Normal stress develops when a force is applied perpendicular to the cross-sectional 
area of the material. If the force is going to pull the material, the stress is said to be 
tensile stress and compressive stress develops when the material is being 
compressed by two opposing forces. Shear stress is developed if the applied force is 
parallel to the resisting area. Example is the bolt that holds the tension rod in its 
anchor. Another condition of shearing is when we twist a bar along its longitudinal axis. 
This type of shearing is called torsion and covered in Chapter 3. Another type of simple 


stress is the bearing stress, it is the contact pressure between two bodies. 


Suspension bridges are good example of structures that carry these stresses. The 
weight of the vehicle is carried by the bridge deck and passes the force to the stringers 
(vertical cables), which in turn, supported by the main suspension cables. The 


suspension cables then transferred the force into bridge towers. 


Normal Stress 


Stress 
Stress is the expression of force applied to a unit area of surface. It is measured in psi 
(English unit) or in MPa (SI unit). Another unit of stress which is not commonly used is 


the dynes (cgs unit). Stress is the ratio of force over area. 


stress = force / area 


Simple Stresses 


There are three types of simple stress namely; normal stress, shearing stress, and 


bearing stress. 


Normal Stress 


The resisting area is perpendicular to the applied force, thus normal. There are two 
types of normal stresses; tensile stress and compressive stress. Tensile stress applied 


to bar tends the bar to elongate while compressive stress tend to shorten the bar. 


where P is the applied normal load in Newton and A is the area in mm?. The maximum 


stress in tension or compression occurs over a section normal to the load. 


Qu auque 


Bar in Tension Bar in Compression 


SOLVED PROBLEMS IN NORMAL STRESS 


Problem 104 

A hollow steel tube with an inside diameter of 100 
mm must carry a tensile load of 400 kN. Determine 
the outside diameter of the tube if the stress is limited 


to 120 MN/m?. 


Solution 104 


Р-сА 
where: 100 |D 
P = 400 KN = 400 000 N 
c = 120 MPa 
A= } nD? - 12(100°) 
= Ln(D?- 10 000) 


thus, 
400 000 = 120[ + x(D? – 10 000)] 


30л 
D = 119.35 mm 


Problem 105 

A homogeneous 800 kg bar AB is supported at either 
end by a cable as shown in Fig. P-105. Calculate the 
smallest area of each cable if the stress is not to exceed 


90 MPa in bronze and 120 MPa in steel. 


Figure P-105 
222 22 


Solution 105 


By symmetry: 
Poy = Pa = 4 (7848) 
= 3924 М 
For bronze cable: 
Pj = съ Аһ 
3924 = 90A, 
Р, Р, Аһ = 43.6 шиг 
For steel cable: 
Р, Ost Ast 
5 т 5 т 3924 = 120A,, 
W = 800 kg = 7848 N Act = 32.7 mm? 


Problem 106 

The homogeneous bar shown in Fig. P-106 is 
supported by a smooth pin at C and a cable that runs 
from A to B around the smooth peg at D. Find the 
stress in the cable if its diameter is 0.6 inch and the 


bar weighs 6000 Ib. 


Figure P-106 


5m 5m 


УМс-0 
- 4 - 

| 5 т : 5T+ 1077 T) = 5(6000) 

L м T = 2957 13 Ib 
A 8 C 4 
E #Т=сА 
т 5т 
| 2957.13 = o[ 4 n(0.6?)] 
6000 Ib с = 10 458.72 psi 
Problem 107 


A rod is composed of an aluminum section rigidly 
attached between steel and bronze sections, as shown 
in Fig. P-107. Axial loads are applied at the positions 
indicated. If P = 3000 Ib and the cross sectional area 
of the rod is 0.5 in?, determine the stress in each 


section. 


\ 
- 


4р X Steel Bronze ] 1 
| 2 р Y: 


2 ft 3 ft 2.5 ft 


Figure P-107 
Solution 107 
wx For steel: Ga (0.5) = 12 
Steel Aluminum Bronze i] SAs Pa Ga = 24 ksi 
=; с, (0.5) = 12 

4р = 12* | р = 3* X G4 = 24 ksi For bronze: 
+12 | сь А» = Pr 
+9 For aluminum: сь (0.5) 2 9 


бы Аш = P, Gi, = 18 ksi 


Problem 108 
An aluminum rod is rigidly attached between a steel rod and a bronze rod as shown in 
Fig. P-108. Axial loads are applied at the positions indicated. Find the maximum value of 


P that will not exceed a stress in steel of 140 MPa, in aluminum of 90 MPa, or in bronze 


of 100 MPa. 
Figure P-108 
Aluminum 
A-400mm^ Bronze 
$4 Steel A = 200 mm? 
E A = 500 mm? / 
Hr 4p | | P | 2p 
2.5 m 2.0m 1.5m 
Solution 108 
For bronze: 
Oir Aw ям 2Р 


100(200) -2Р Ч Stee Aluminum Bronze 
P=10000N ez <_< 
> 4p р 2р 


For aluminum: 
Oa A -P 
90(400) = P 
P=36000N sp 

For Steel: Negative (-) means compression 


For safe P, use P = 10 000 N = 10 kN 


Problem 109 
Determine the largest weight W that can be supported by two wires shown in Fig. P- 
109. The stress in either wire is not to exceed 30 ksi. The cross-sectional areas of wires 


AB and AC are 0.4 in? and 0.5 in?, respectively. 


Figure P-109 


Solution 109 


For wire АВ: 
By sine law (from the force polygon): 
Tap - Ww Ts Tac 

sin 40° зіп 80° 

Тав = 0.6527W 30° A 50° 
GapAap = 0.6527W 

30(0.4) = 0.6527W m 
W-184 kips FBD of knot A 


For wire AC: 
Tac W 


sin 60° sin 80° 
Tac = 0.8794W 


Tac = басААС 
0.8794W = 30(0.5) 
W = 17.1 kips 


Force polygon of 
forces on knot A 


Safe load W= 17.1 kips 


Problem 110 

A 12-inches square steel bearing plate lies between an 8-inches diameter 
wooden post and a concrete footing as shown in Fig. P-110. Determine 
the maximum value of the load P if the stress in wood is limited to 1800 


psi and that in concrete to 650 psi. 


Figure P-110 


Solution 110 

For wood: 

Pw = Ow Aw р 
= 1800[ 4 (82) FBD of Wood 


= 90 477 9 Ib 
From FBD of Wood: | 
Р=Р, = 9047791 Pw 


For concrete: 

P.=G.A, 
= 650(122) FBD of Concrete 
= 93 600 Ib 


From FBD of Concrete: 
P = P, = 93 600 Ib 


Safe load P = 90 478 Ib 


Problem 111 
For the truss shown in Fig. P-111, calculate the stresses in members CE, DE, and DF. 


The crosssectional area of each member is 1.8 in^. Indicate tension (T) or compression 


(C). 


Figure P-111 


Solution 111 

From the FED of the truss: 
УМ; =0 
24Ёв = 16(30) 
Rr = 20* 


At joint F: 
УЕу-0 
3рЕ-20 
DF =334* (O 


Free Body Diagram of Truss 


At joint D: (by symmetry) 
BD = DF = 33-®* (С) 

УРУ =0 

DE= +ВЮр + $DF 


4 5 Re = 20° 
= (334) + $(331) Joint F 


= 406 (T) 


At joint E: 
УР, =0 

СЕ + 30 = 40 
CE = 16=* (Т) 


Joint E 


opr = 225. = 18.52 ksi (C) 


Stresses: 
Stress = Force/ Area 


Problem 112 

Determine the crosssectional areas of members AG, BC, and CE for the truss shown in 
Fig. P-112 above. The stresses are not to exceed 20 ksi in tension and 14 ksi in 
compression. A reduced stress in compression is specified to reduce the danger of 


buckling. 


Figure P-112 


Solution 112 

XF,-20 

Ray = 40 +25 
= 65% 


УМА =0 
18Rp = 8(25) + 4(40) 
Rp = 20k 


УР» =0 
Ran = Rp = 20k 


Check: 

УМр = 0 

12Rav = 18(Ran) + 4(25) + 8(40) 
12(65) = 18(20) + 4(25) + 8(40) 
780 ft-kip = 780 ft-kip (OK!) 


Ac = 143 in? 


For member AG: 


At joint A: 
УРу= 0 
тт АВ = 65 
AB= 5413 
3 
Joint A = 78.12 
ҮЕи-0 
AG+20= f AB 
AG= $ (78.12) - 20 
= 20.33* Tension 
AG = OpminðaG 
2033 = 20 Алс 
Алс = 1.17 in? 
D For member BC: 
Ro = 20* At section through MN 
УМ: =0 
6( E BC) = 12(20) 
BC - 20413 
= 72.11* Compression 
BC 
СЕ! EF 
ie BC ын O.compression Авс 
F 72.11 = 14 Авс 
Section through MN Aem БАБЫР 
For member CE: 
At joint D: 
Ен =0 
р — Fd CD = 20 
BA; CD = 10413 
CD/? 273 = 36.06* 
за 
ba үз 
M 
ГЕ- E CD 
ХЭТ: 
= Fz 8609) 
— At joint E 
ҮЕ, -0 
Е tr EF=30 
“УР EF-10413 =36.06 
EF 
ги XFu-20 
oint эж | 
СЕ- т EF 
= +0609 
= 20* Compression 


Problem 113 
Find the stresses in members BC, BD, and CF for the truss shown in Fig. P-113. Indicate 


the tension or compression. The cross sectional area of each member is 1600 mm". 


Figure P-113 


Solution 113 


For member BD: (See FBD 01) 
=Mc = 0 

3( 4 BD) = 3(60) 

BD =75 kN Tension 


BD = сврА 
75 (1000) = cpp (1600) 
Сар = 46.875 MPa (Tension) 


For member CF: (See FBD 01) 
=Mp = 0 
4( FA = 4(90) + 7(60) 


CF - 19542 
= 275.77 KN Compression 


CF =GcrA 
275.77 (1000) = сс; (1600) 
Gcr = 172.357 MPa (Compression) 


For member BC: (See FBD 02) 

УМ -0 

60 kN FBD 02 АВС = 7(60) 

BC = 105 kN Compression 
BC=c acA 

105 (1000) = със (1600) 

сас = 65.625 MPa (Compression) 


Problem 114 

The homogeneous bar ABCD shown in Fig. P-114 is supported by a cable that runs from 
A to B around the smooth peg at E, a vertical cable at C, and a smooth inclined surface 
at D. Determine the mass of the heaviest bar that can be supported if the stress in each 
cable is limited to 100 MPa. The area of the cable AB is 250 mm? and that of the cable 
at C is 300 mm’. 


Solution 114 


DF, =0 
Тав cos 30° = Rp sin 50° 
Rp = 113057, 


3Б,-0 

Тав sin 30? + Тав + Tc + Rp cos 50° = W 

Тав sin 30° + Tas + Tc + (1.1305T45) cos 50° = W 
2.2267Tas + Ic =W 

Тс = W- 2.2267Tan 


УМр= 0 

6(T45 зіп 30°) + 47,3 + 2T. = 3W 
7ТАв + 2(W— 2.2267Тав) = 3W 
2.5466Т,а = W 

Tap = 0.3927W 


Tc =W- 2.2267T 4a 
= W — 2.2267 (0.3927) 
= 0.1256W 


Based on cable AB: 
Тав = Gap Aan 
0.3927W = 100(250) 
W = 63 661.83 N 


Based on cable at C: 
T: = oc Ac 
0.1256W = 100(300) 
W = 238 853.50 N 


Safe weight W = 63 669.92 N 
W= mg 
63 669.92 = m (9.81) 
m = 6 490 kg 
= 6.49 Mg 


Shearing Stress 
Forces parallel to the area resisting the force cause shearing stress. It differs to tensile 
and compressive stresses, which are caused by forces perpendicular to the area on 


which they act. Shearing stress is also known as tangential stress. 


where V is the resultant shearing force which passes which passes through the centroid 


of the area A being sheared. 


P cs 
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SOLVED PROBLEMS IN SHEARING STRESS 


Problem 115 
What force is required to punch a 20-mm-diameter hole in a plate that is 25 mm thick? 


The shear strength is 350 MN/m?. 


Solution 115 


The resisting area is the shaded area 
Puncher along the perimeter and the shear force 
V is equal to the punching force P. 


20 mm ø 
25 mm thick у= тА 
Р = 350[1(20)(25)] 
= 549 778.7 М 
Punched ок = 549.8 kN 


= 4 
25 mm 
= 


Problem 116 

As in Fig. 1-11c, a hole is to be punched out of a plate having a shearing strength of 40 
ksi. The compressive stress in the punch is limited to 50 ksi. (a) Compute the maximum 
thickness of plate in which a hole 2.5 inches in diameter can be punched. (b) If the 


plate is 0.25 inch thick, determine the diameter of the smallest hole that can be 


punched. 
Solution 116 
(a) Maximum thickness of plate: 
Based on puncher strength: 
Р-сА 


-50|4 (2.52) 
= 78.1257 kips + Equivalent shear force of the plate 
Based on shear strength of plate: 


14-42: >V=P 
78.1252 = 40[n(2.5t)] 
Figure 1-11с t = 0.781 inch 


(b) Diameter of smallest hole: 
Based on compression of puncher: 


Р-сА 
= 50( 1 xd?) 
-125nd: > Equivalent shear force for plate 
Based on shearing of plate: 
V=tA >V=P 
12.5nd = 40[nd(0.25)] 
4-08Шш 
Problem 117 


Find the smallest diameter bolt that can be used in the clevis shown in Fig. 1-11b if P - 


400 kN. The shearing strength of the bolt is 300 MPa. 


Solution 117 
The bolt is subject to double shear. 
V = tA 
—»  400(1000) = 300ү2( + nd2)] 
P Р d-2913mm 
Figure 1-11b 
Problem 118 


A 200-mm-diameter pulley is prevented from rotating relative to 60-mm-diameter shaft 
by a 70-mm-long key, as shown in Fig. P-118. If a torque T - 2.2 kN:m is applied to the 
shaft, determine the width b if the 


allowable shearing stress in the key is 60 MPa. 


Figure P-118 


Solution 118 

T = 0.03F 

2.2 = 0.03F LL 

F = 7333 kN ЙГ о 

о 

0.20 т E 

V=tA 

Where: МҮ =F = 73.33 kN ¥ 


А = 705: т = 60 MPa 


T = 2.2 kNm 
0.06 m 


73.33(1000) = 60(70b) 
b = 17.46 mm 


Problem 119 
Compute the shearing stress in the pin at B for the member supported as 


shown in Fig. P-119. The pin diameter is 20 mm. 


250 mm 
Figure P-119 


Solution 119 


From the FBD: 

IM: = 0 

0.25Ryy = 0.25(40 sin 35°) 
40 kN + 0.2(40 cos 35°) 
Ray = 40156 КЧ 


УРн=0 
Ray = 40 cos 35° 
= 32766 kN 


x Ев = dias" Raj 
025m --» Re = 452.766? --49 156? 


= 59.076 КМ 3 shear force of pin at B. 
Free Body Diagram 


Ve=tsA > double shear 
59.076 (1000) = ть (2|4-л(205))) 
ta = 94.02 MPa 


Problem 120 
The members of the structure in Fig. P-120 weigh 200 Ib/ft. Determine the smallest 
diameter pin that can be used at A if the shearing stress is limited to 5000 psi. Assume 


single shear. 


Figure P-120 


28 


Solution 120 


= 11321Ь 


УМ, =0 

4Ray + 4Ray = 2Wan 

4Ray + 4Ray = 2(1132) 

Кан + Rav = 566 (1) 


For member ВС: 
Length, Lac = 43? +6° 
FBD of member = 6.71 ft 
Weight, Wac = 6.71(200) 
= 1342 Ib 


EM =0 

6Ray = 1.5Wac + 3Rav 

ORay = 3Rav = 1.5(1342) 
2Ёзн — Ray = 671 — (2) 


Add equations (1) and (2) 
Ray + Ray = 566 > (1) 

2Кан - Rey = 671 > (2) 

ЗКлн = 1237 

Кан = 412 33 Ib 


From equation (1): 
412.33 + Ray = 566 
Ray = 153.67 Ib 


FBD of member BC From the FBD of member АВ 
УРн= 0 
Raj = Rg = 412.33 Ib 


DFy =0 

Ray + Ray = Was 
Ray + 153.67 = 1132 
Ray = 978.33 Ib 


Ra= Ran лж 
= 441233? 1978.33? 


= 1061.671b э shear force of pin at A 


У=тА 
1061.67 = 5000( + xd?) 
d - 0.520 in 


Problem 121 

Referring to Fig. P-121, compute the maximum force P that can be applied by the 
machine operator, if the shearing stress in the pin at B and the axial stress in the 
control rod at C are limited to 4000 psi and 5000 psi, respectively. The diameters are 
0.25 inch for the pin, and 0.5 inch for the control rod. Assume single shear for the pin 


at B. 


Solution 121 
>Ма=0] 6P=2Tsin10° э (1) 


[=Fu=0] By=Tcos10° > from(1), Т = 3P/sin 10° 
By = (3P/sin 10°) cos 10° 
By -3со:10 Р 


By = T sin 10? + P> from (1), T $n 10° = 3P 
By=3P+P 
By 7» AP 


Ry = By! + By 

Re = (3 cot 10° Р)? + (4P? 
Rẹ = 305 A7P? 

Ra = 17.48P 

P = Rg/ 17.48 > (2) 


Based on tension of rod (equation 1): 


P= 1Tsin 10° 
P = 1 [5000 x 4 л(0.5)?] sin 10° 
P = 56.83 Ib 


Based on shear of rivet (equation 2): 
Р = 4000 x 1 (0.25) /17.48 
P = 11.23 1b 

Safe load P = 11.23 Ib 


Problem 122 

Two blocks of wood, width w and thickness t, are glued together along the joint inclined 
at the angle 0 as shown in Fig. P- 122. Using the free-body diagram concept in Fig. 1-4a, 
show that the shearing stress on the glued joint is t = P sin 20/2A, where A is the cross- 


sectional area. 


Figure 1-4a Norma! and shear components of the | 
resultant on arbitrary section. Figure P-122 


Solution 122 


Shear area, А.лсаг = t (w csc 6) 
= tw csc Ө 
=Acsc 6 


р Ё Shear force, V = P cos 8 
— — р 
Y y V = tAshear 


P cos Ө = т(А csc Ө) 
t-Psin8cos8/ А 
= Р (2 sin 0 cos Ө) / 2A 
= P sin 20 / 2А (ok!) 


Problem 123 

A rectangular piece of wood, 50 mm by 100 mm in cross section, is used as a 
compression block shown in Fig. P-123. Determine the axial force P that can be safely 
applied to the block if the compressive stress in wood is limited to 20 MN/m? and the 
shearing stress parallel to the grain is limited to 5 MN/m?. The grain makes an angle of 


20? with the horizontal, as shown. (Hint: Use the results in Problem 122.) 


Solution 123 


Based on maximum compressive stress: 
Normal force: 
N= P cos 20° 
Normal area: 
Ay 50 (100 sec 20°) 
= 5320.89 mm? 


N=cAn 
P cos 20° = 20 (5320.89) 
Р-113247М 

= 133.25 КМ 


Based on maximum shearing stress: 
Shear force: 
V = Р sin 20° 


Shear area: 
Ay EX Ay 
= 5320.89 mm? 


V=tAy 
P sin 20° = 5 (5320.89) 
Р = 77 786 М 

= 77.79 КМ 


For safe compressive force, use Р = 77.79 КМ 


Bearing Stress 
Bearing stress is the contact pressure between the separate bodies. It differs from 


compressive stress, as it is an internal stress caused by compressive forces. 


Р, 


| СӨ 


2072722722722 231 C IE » 


E 


сь = 


A, 


SOLVED PROBLEMS IN BEARING STRESS 


Problem 125 

In Fig. 1-12, assume that a 20-mm-diameter rivet joins the plates that are each 110 
mm wide. The allowable stresses are 120 MPa for bearing in the plate material and 60 
MPa for shearing of rivet. Determine (a) the minimum thickness of each plate; and (b) 


the largest average tensile stress in the plates. 


| a» 110 mm 
| 1 
20-mm Ø 
Р t t p 


”УУЛ”/РАРЛРУУУУЛУУ? O [| CELLS A 
ANNONA 15255555 SSS SSS 
5-2 Р ч 


Figure 1-12 


Solution 125 


(a) From shearing of rivet: 
P = tAnvets 
= 60[ 1 x(207)] 
= 6000x N 


From bearing of plate material: 
Р-сьА» 
6000 = 120(20t) 

= 7.85 mm 


(b) Largest average tensile stress in the plate: 
Р-сА 
60007 = с[7.85(110 – 20)] 
с = 26.67 МРа 


Problem 126 

The lap joint shown in Fig. P-126 is fastened by four 34-in.-diameter rivets. Calculate 
the maximum safe load P that can be applied if the shearing stress in the rivets is 
limited to 14 ksi and the bearing stress in the plates is limited to 18 ksi. Assume the 


applied load is uniformly distributed among the four rivets. 


Solution 126 

Based on shearing of rivets: 
P=tA 

Р = 144(2л)(2)>] 

Р = 2474 kips 

Based on bearing of plates: 
Р = Op Ap 

Р -18[4(5(5] 

P = 47.25 kips 


Safe load P = 24.74 kips 
Problem 127 
In the clevis shown in Fig. 1-11b, find the minimum bolt diameter and the minimum 


thickness of each yoke that will support a load P = 14 kips without exceeding a shearing 


stress of 12 ksi and a bearing stress of 20 ksi. 


|, 


Figure 1-11b 


Solution 127 


For shearing of rivets (double 
shear) 
P P=tA 
14-12(2(4ла7)| 
d — 0.8618 in > diameter of bolt 


For bearing of yoke: 
P = Op Ap 
0.5Р 0.5Р 14 = 20[2(0.86181)] 
kol кл t = 0.1061 in > thickness of yoke 


Problem 128 


A W18 x 86 beam is riveted to a W24 x 117 girder by a connection similar to that in 
Fig. 1-13. The diameter of the rivets is 7/8 in., and the angles are each 4 x 31/2 x 3/8 


in. For each rivet, assume that the allowable stresses are т = 15 ksi and оь = 32 ksi. 


Find the allowable 


load on the connection. 


Figure 1-13 


Solution 128 


Note: Textbook is Strength of Materials 4th edition by Pytel and Singer 


Relevant data from the table (Appendix B of 
textbook): Properties of Wide-Flange Sections (W 
shapes): U.S. Customary Units 


Designation Web thickness 


WIS x 86 0.480 in 
W24 х 117 0.550 in 
Shearing strength of rivets: 


There are 8 single-shear rivets in the girder and 4 
double-shear (equivalent to S single-shear) in the 
beam, thus, the shear strength of rivets in girder and 


V 2xA = 15[1 (+ )° (8)] 


V-7216kips 
Bearing strength on the girder: 
The thickness of girder W24 x 117 is 0.550" while that 
of the angle clip 14 х 3i х 3 is i" or 0.375”, thus, 
the critical in bearing is the clip. 

P = сь Ay = 32[ £(0.375)(8)] 

P = 84 kips 
Bearing strength on the beam: 
The thickness of beam W18 x 86 is 0.480” while that of 
the clip angle is 2 x 0.375” = 0.75” (clip angles are on 


both sides of the beam), thus, the critical in bearing is 
the beam. 


P = op As = 32[ 4 (0.480)(4)] 
P = 53.76 kips 


The allowable load on the connection is P = 53.76 kips 


Problem 129 

A 7/8-in.-diameter bolt, having a diameter at the root of the threads of 0.731 in., is 
used to fasten two timbers together as shown in Fig. P-129. The nut is tightened to 
cause a tensile stress of 18 ksi in the bolt. Compute the shearing stress in the head of 
the bolt and in the threads. Also, determine the outside diameter of the washers if their 


inside diameter is 9/8 in. and the bearing stress is limited to 800 psi. 


Figure P-127 


Solution 129 


Tensile force on the boit: 
P-cA = 18[4:1(2)2] 
Р = 10.82 kips 


Shearing stress in the head of the bolt: 
10.82 

n($)(1) 

t = 7.872 ksi 


- Р — 
t= — = 
A 


Shearing stress in the threads: 
Р 10.82 


тэ 


A  m(0731)3) 
т = 7.538 ksi 


Outside diameter of washer 9/8 in 
P = о, As Washer 
10.82(1000) = 800[ +x [4 - ($)* ]) 
d=43in 


Problem 130 

Figure P-130 shows a roof truss and the detail of the riveted connection at joint B. Using 
allowable stresses of т = 70 MPa and с,- 140 MPa, how many 19-mm diameter rivets 
are required to fasten member BC to the gusset plate? Member BE? What is the largest 


average tensile or compressive stress in BC and BE? 


96 kN 200 kN 96 kN 


р | 75 х 75 x 6 mm Figure P-130 and P-131 
ёс 


Solution 130 


At Joint C: 
УРу=0 
ВС =96 КМ (Tension) 


Consider the section 

through member ED, 

BE, and CE: 

УМ.-0 Ra 96 kN 

lent C 8( - BE) = 4(96) Section through BD, BE, and CE 
ВЕ = 80 КМ (Compression) 


For Member BC: 

Based on shearing of rivets: 

BC=tA 

Where A = area of 1 rivet Х number of rivets, n 
96 000 = 70[ + x(192)n] 

п = 48 say 5 rivets 


Based on bearing of member: 

ВС = oA; 

Where A, = diameter of rivet X thickness of BC х 
number of rivets, n 

96 000 = 140[19(6)n] 

n — 6.02 say 7 rivets 


use 7 rivets for member BC 


For member BE: 

Based on shearing of rivets: 

ВЕ =тА 

Where A = area of 1 rivet X number of rivets, n 
80 000 = 70[ + 1(192)n] 

n = 408 say 5 rivets 


Based on bearing of member: 

ВЕ = сьАь 

Where A, = diameter of rivet X thickness of BE х 
number of rivets, n 

80 000 = 140[19(13)r] 

n = 2.3 say 3 rivets 


use 5 rivets for member BE 


Relevant data from the table (Appendix B of 
textbook): Properties of Equal Angle Sections: SI Units 


Designation Area 
L75 x 75 x 6 864 mm? 
L75 х 75 х 13 1780 mm? 


Tensile stress of member BC (175 х 75 х 6): 

t ээг Р _ 96(1000) 
| A 864-196) 
t = thickness of member 


d = diameter of rivet hole с = 128 Mpa 


is - dt Compressive stress of member BE (L75 x 75 x 13): 
= Р | 80(1000) 
А 1780 
c = 44.94 Mpa 


Problem 131 
Repeat Problem 130 if the rivet diameter is 22 mm and all other data remain 


unchanged. 


Solution 131 


For member BC: 
P = 96 KN (Tension) 


Based on shearing of rivets: 
Р=тА 
96 000 = 70[ $ 1(222) п] 
п = 3.6 say 4 rivets 


Based on bearing of member: 
P = 0A 
96 000 = 140[22(6)n] 
n = 5.2 say 6 rivets 


Use 6 rivets for member BC 


Tensile stress: 
с= Р. = 99100) 
A 864-22(6) 


c = 131.15 MPa 


For member BE: 
Р = 80 kN (Compression) 


Based on shearing of rivets: 
Р=тА 
80 000 = 70[i 1(22?) n] 
n = 3.01 say 4 rivets 


Based on bearing of member: 
Р = Op Аь 
80 000 = 140[22(13)7] 
n = 1.998 say 2 rivets 


use 4 rivets for member BE 


Compressive stress: 
gs Р _ 80(1000) 
A 1780 


с = 44.94 MPa 


Thin-Walled Pressure Vessels 
A tank or pipe carrying a fluid or gas under a pressure is subjected to tensile forces, 


which resist bursting, developed across longitudinal and transverse sections. 


TANGENTIAL STRESS 


(Circumferential Stress) 


Consider the tank shown being subjected to an internal pressure p. The length of the 


tank is L and the wall thickness is t. Isolating the right half of the tank: 


pressure 


p 


F=pA=pDL 
T = ot Awan = o: tL 
[ УЕи-0 | 

Е-2Т 

pDL = 2(o: tL) 


2t 


If there exist an external pressure p, and an internal pressure p;, the formula may be 


expressed as: 


LONGITUDINAL STRESS, o, 


Consider the free body diagram in the transverse section of the tank: 


The total force acting at the rear of the tank F must equal to the total longitudinal stress 
on the wall Рт = o, Awa. Since t is so small compared to D, the area of the wall is close 


to xDt 


F=pA “РЁ 


Рт=о лг 
[Ен =0] 
Pr=F 


If there exist an external pressure р, and an internal pressure p;, the formula may be 


expressed as: 


= (p, - p.)D 
4t 


It can be observed that the tangential stress is twice that of the longitudinal stress. 


сү = 20, 


SPHERICAL SHELL 
If a spherical tank of diameter D and thickness t contains gas under 


a pressure of p, the stress at the wall can be expressed as: 


SOLVED PROBLEMS IN THIN WALLED PREASSURE VESSELS 


Problem 133 

A cylindrical steel pressure vessel 400 mm in diameter with a wall thickness of 20 mm, 
is subjected to an internal pressure of 4.5 MN/m". (a) Calculate the tangential and 
longitudinal stresses in the steel. (b) To what value may the internal pressure be 
increased if the stress in the steel is limited to 120 MN/m?? (с) If the internal pressure 


were increased until the vessel burst, sketch the type of fracture that would occur. 


Solution 133 


(a) Tangential stress (longitudinal section]: 
F=2T 
pDL = 2(o: tL) 


2 Longitudinal Stress (transverse section): 
Longitudinal Section Е-Р 


+ nD*p = oi (aDt) 
юэ рр _ 45(400) 


At 4(20) 
ст = 22.5 MPa 
D D 
(b) From (a), o = E and o; = Ёс thus, с; = 291, 
this shows that tangential stress is the critical. 
2t 

120 = Р(200) 
Transverse Section 2(20) 

P=12MPa 


(c) The bursting force will cause a stress on the 
longitudinal section that is twice to that of the 
transverse section. Thus, fracture is expected as 
shown. 


Expected fracture 
when internal 
pressure is 
increased unti! 
the vessel burst 


diameter 


Problem 134 
The wall thickness of a 4-ft-diameter spherical tank is 5/16 in. Calculate the allowable 


internal pressure if the stress is limited to 8000 psi. 


Solution 134 


Total internal pressure: 
P-p(inD?) 
Total intema Resisting wall: 
pressure, P 7 pressure Е-Р 
Au — cA-p(inD) 
= 4 Т 2 
Total wall o(xDt) = p( 4 к?) 
pressure, F Е рр 
с = — 
At 
8000 - p(4x12) 


40) 


p = 208.33 psi 


Problem 135 
Calculate the minimum wall thickness for a cylindrical vessel that is to carry a gas at a 
pressure of 1400 psi. The diameter of the vessel is 2 ft, and the stress is limited to 12 


ksi. 


Solution 135 
The critical stress is the tangential stress 
2t 


_ 1400(2x12) 
DIM 


P 


Problem 136 

A cylindrical pressure vessel is fabricated from steel plating that has a thickness of 20 
mm. The diameter of the pressure vessel is 450 mm and its length is 2.0 m. Determine 
the maximum internal pressure that can be applied if the longitudinal stress is limited to 


140 MPa, and the circumferential stress is limited to 60 MPa. 


Solution 136 


Based on circumferential stress (tangential): 
УРу= 0 
Е-2Т 
T p(DL) = 2(o: Lt) 


Based on longitudinal stress: 
ҮБу-0 
Е-Р 
p (xD?) = oaDt) 


ın — P(450) 
140 1020) 
p = 24.89 MPa 


Use р = 5.33 MPa 


Problem 137 
A water tank, 22 ft in diameter, is made from steel plates that are 1 in. thick. Find the 
maximum height to which the tank may be filled if the circumferential stress is limited 


to 6000 psi. The specific weight of water is 62.4 Ib/ft?. 


Solution 137 
бол 6000 psi 
SEDI 
сл 2 = 
T in^ ft 
c= 864 000 Ib/ ft? 


Assuming pressure 
distribution to be uniform: 
T p=yh=624h 

F = pA = 624h(Dh) 

F = 62.4(22)h* 

Ғ = 1372 8/2 


Т = с,4, = 864 O00(th) 
Т = 864 000 (2-1) h 


T = 36 000h 


ҮЕ-0 

F-2T 

1372.8h: = 2(36 0007) 
h = 5245 ft 


Comment: 

Given a free surface of water, the actual pressure 

distribution on the vessel is not uniform It varies 

linearly from 0 at the free surface to yh at the bottom 

(see figure below). Using this actual pressure 
distribution, the total hydrostatic pressure is reduced 
by 5095. This reduction of force will take our design 
into critical situation; giving us a maximum height of 
200% more than the h above. 


Based on actual pressure distribution: 
Total hydrostatic force, F: 
F = volume of pressure diagram 
=i - -4 - 
ч F= 5 (y*)D = 3 (62.4h*)(22) 
Diagram F = 686.472 — 


EMa-0 2T 
h Ж. = ip) = F 
2T (4h) -F (+h) =0 wih er 
zz 1 
5 5 E ES x. 
с; (ht) = + (686.4?) A 
he 3c,t _ 3(864 000)(4 x + 
686.4 686.4 


h = 157.34 ft 


Problem 138 
The strength of longitudinal joint in Fig. 1-17 is 33 kips/ft, whereas for the girth is 16 
kips/ft. Calculate the maximum diameter of the cylinder tank if the internal pressure is 


150 psi. 


Longitudina! Joint 


2 


Girth Joint 


Figure 1-17 


Solution 138 
Internal pressure, р: 


20 3501b( 12in) 
P PU int \ fe J 
p = 21 600 lb/ft? 


For longitudinal joint (tangential stress): 


Consider 1 ft length 
t F=2T 
T 
F ‘a pD -2o, 
T 
t = PD 
` ЧОН 
33000  21600D 

f t 2t 


D = 3.06 ft = 36.67 in 


For girth joint (longitudinal stress): 


F-P 
p (3 xD?) = a, (лр) 
o= PD 
At 
16000 _ 21600 D 
t At 


D = 2.96 ft = 35.56 in. 


Use the smaller diameter, D = 35.56 in. 


Problem 139 
Find the limiting peripheral velocity of a rotating steel ring if the allowable stress is 20 
ksi and steel weighs 490 Ib/ft?. At what revolutions per minute (rpm) will the stress 


reach 30 ksi if the mean radius is 10 in.? 


Solution 139 
Centrifugal Force, CF: 


"T CF = Ma*x 
steel ring 5 
radius R rotating where: M= Ww = wW = ҮКА 
through its center g g g 
o-v/R 
x -2R/n 
S ou T xRA ( v Y ( 2R? 
Nonne CF- EE (25) 
Tx "m. g (8) (вх) 
FBD of Ring in Rotation СЕ- HAv 
8 
2Г--СЕ 
бай» 2yAÀv^ 
8 
o= w 
8 
From the given data: 


с = 20 ksi = (20 000 Ib/in2)(12 in/ft)a? 


322 
v — 435.04 ft/sec 


When c = 30 ksi, and R = 10 in 
үр? 
05---- 


8 
4900? 
30 000(122) = 
02) 322 


v — 532 81 ft/sec 


532.81 
10/12 
© = 639.37 rad /sec 
63937rad lrev 60sec 
а= =K 
sec 2nrad 1min 
о = 6,105.54 rpm 


о=0/Е = 


Problem 140 
At what angular velocity will the stress of the rotating steel ring equal 150 MPa if its 


mean radius is 220 mm? The density of steel 7.85 Mg/m?. 


Solution 140 


CF = Mo? x 
Where: M = pV = pArR 
X -2R/xz 
CF = pAnRo? (2R/n) 
CF = 2gAR!o! 
steel ring of 2T = CF 
radius R rotating 2сА = 2р, AR? 
through its center zm 
- ~~ с = рЕ2о> 
5 From the given (Note: 1 N = 1 kg-m/sec?): 
c = 150 MPa 
je = 150 000 000 kg-m/sec-m? 
E L = 150 000 000 kg/m-sec* 
INIM x p = 7.85 Mg/m? = 7850 kg/m? 
И Т <... R = 220 тт = 0.22 т 
ЕВО of Ring in Rotation 150 000 000 - 7850(0.22)22 


о = 628.33 rad/sec 


РгоЫет 141 


The tank shown іп Fig. P-141 is fabricated from 1/8-in steel plate. Calculate the 


maximum longitudinal and circumferential stress caused by an internal pressure of 125 


psi. 


Figure P-141 


Solution 141 
Longitudinal Stress: 
F = pA = 125[1.5(2) + 1 л(151(12): 
F F = 85 808.62 Ibs 


P=F 
c; [2(2 x 12) (3) + n(15 x 12) (2)] = 85 808.62 
See dimensions in Fig. P-141, 


thickness, t = 1/8 in. о = 6 566.02 psi 
G; = 6.57 ksi 


P 


Circumferential Stress: 
F = pA = 125[Q x 12)L + 2(0.75 х 12)1] 
F = 52501 Ibs 


2T=F 
2[o: (4) Ц = 52501. 
c; = 21 000 psi 

с: = 21 ksi 


РгоЫет 142 


A pipe carrying steam at 3.5 MPa has an outside diameter of 450 mm and a wall 
thickness of 10 mm. A gasket is inserted between the flange at one end of the pipe and 
a flat plate used to cap the end. How many 40-mm-diameter bolts must be used to hold 
the cap on if the allowable stress in the bolts is 80 MPa, of which 55 MPa is the initial 
stress? What circumferential stress is developed in the pipe? Why is it necessary to 
tighten the bolt initially, and what will happen if the steam pressure should cause the 


stress in the bolts to be twice the value of the initial stress? 


Solution 142 
Gasket яа! [C Cap 
— 


= $5[12(430] 
= 508 270.42 N 


Р-Е 

(сбыьА)п = 508 270.42 N 

(80 — 55)[ 4 (40%) Jn = 508 270.42 
п = 16.19 say 17 bolts 


1) Circumferential stress (consider 1-m strip): 
А Ер 4 F = pA = 3.5[430(1000)] 
^x Е = 1505 000 N 
97 
2T-F 
2 2[o. (1000)(10)] = 1 505 000 
19 c; = 75.25 MPa 
Discussion: 


It is necessary to tighten the bolts initially to press the 
gasket to the flange, to avoid leakage of steam. If the 
pressure will cause 110 MPa of stress to each bolt 
causing it to fail, leakage will occur. If this is sudden, 
the cap may blow. 


Зїгат 
Simple Strain 


Also known as unit deformation, strain is the ratio of the change in length caused by the 


applied force, to the original length. 


where ô is the deformation and L is the original length, thus e is dimensionless. 


Stress-Strain Diagram 


Suppose that a metal specimen be placed in tension-compression testing machine. As 
the axial load is gradually increased in increments, the total elongation over the gage 
length is measured at each increment of the load and this is continued until failure of 
the specimen takes place. Knowing the original cross-sectional area and length of the 
specimen, the normal stress c and the strain e can be obtained. The graph of these 
quantities with the stress c along the y-axis and the strain e along the x-axis is called 
the stress-strain diagram. The stress-strain diagram differs in form for various 


materials. The diagram shown below is that for a medium carbon structural steel. 


Metallic engineering materials are classified as either ductile or brittle materials. A 
ductile material is one having relatively large tensile strains up to the point of rupture 
like structural steel and aluminum, whereas brittle materials has a relatively small strain 
up to the point of rupture like cast iron and concrete. An arbitrary strain of 0.05 


mm/mm is frequently taken as the dividing line between these two classes. 


Actual Rupture Strength ч 


U - Ultimate Strength E^ га 


zv. R – Rupture Strength —/ 


Stress, o 


M 

M \— ү - Yield Point 
3! 

| — E - Elastic Limit 
1 
! 
\ P – Proportional Limit 


о Strain, z 


PROPORTIONAL LIMIT (HOOKE'S LAW) 


From the origin O to the point called proportional limit, the stress-strain 
curve is a straight line. This linear relation between elongation and the 


axial force causing was first noticed by Sir Robert Hooke in 1678 and is - 


~ 


called Hooke's Law that within the proportional limit, the stress is directly 


proportional to strain or Robert Hooke 


oxeoro=ke 


The constant of proportionality k is called the Modulus of Elasticity E or Young's Modulus 


and is equal to the slope of the stress-strain diagram from O to P. Then 


ELASTIC LIMIT 


The elastic limit is the limit beyond which the material will no longer go back to its 
original shape when the load is removed, or it is the maximum stress that may e 
developed such that there is no permanent or residual deformation when the load is 


entirely removed. 


ELASTIC AND PLASTIC RANGES 


The region in stress-strain diagram from O to P is called the elastic range. The region 


from P to R is called the plastic range. 


YIELD POINT 


Yield point is the point at which the material will have an appreciable elongation or 


yielding without any increase in load. 


ULTIMATE STRENGTH 


The maximum ordinate in the stress-strain diagram is the ultimate strength or tensile 


strength. 


RAPTURE STRENGTH 


Rapture strength is the strength of the material at rupture. This is also known as the 


breaking strength. 


MODULUS OF RESILIENCE 


Modulus of resilience is the work done on a unit volume of material as the force is 
gradually increased from O to P, in Nm/m?. This may be calculated as the area under 
the stress-strain curve from the origin O to up to the elastic limit E (the shaded area in 
the figure). The resilience of the material is its ability to absorb energy without creating 


a permanent distortion. 


MODULUS OF TOUGHNESS 


Modulus of toughness is the work done on a unit volume of material as the force is 
gradually increased from O to R, in Nm/m?. This may be calculated as the area under 
the entire stress-strain curve (from O to R). The toughness of a material is its ability to 


absorb energy without causing it to break. 


WORKING STRESS, ALLOWABLE STRESS, AND FACTOR OF SAFETY 


Working stress is defined as the actual stress of a material under a given loading. The 
maximum safe stress that a material can carry is termed as the allowable stress. The 
allowable stress should be limited to values not exceeding the proportional limit. 
However, since proportional limit is difficult to determine accurately, the allowable tress 
is taken as either the yield point or ultimate strength divided by a factor of safety. The 
ratio of this strength (ultimate or yield strength) to allowable strength is called the 


factor of safety. 


AXIAL DEFORMATION 


In the linear portion of the stress-strain diagram, the tress is proportional to strain and 


is given by 


с = Ee 


since o = P / A and se = ё / L, then P/A = E ô / L. Solving for ô, 


To use this formula, the load must be axial, the bar must have a uniform cross-sectional 
area, and the stress must not exceed the proportional limit. If however, the cross- 
sectional area is not uniform, the axial deformation can be determined by considering a 


differential length and applying integration. 


If however, the cross-sectional area is not uniform, the axial deformation can be 
determined by considering a differential length and applying 


integration. 


where A = ty and y and t, if variable, must be expressed in terms of х. 


For a rod of unit mass p suspended vertically from one end, the total elongation due to 


its own weight is 


. pel? | MgL 
"UE 2 


where p is in kg/m?, L is the length of the rod in mm, M is the total mass of the rod in 


kg, A is the cross-sectional area of the rod іп mm?, and g = 9.81 m/s?. 


STIFFNESS, k 


Stiffness is the ratio of the steady force acting on an elastic body to the resulting 


displacement. It has the unit of N/mm. 


k-P/à 


SOLVED PROBLEMS IN AXIAL DEFORMATION 


Problem 206 

A steel rod having a cross-sectional area of 300 mm? and a length of 150 m is 
suspended vertically from one end. It supports a tensile load of 20 kN at the lower end. 
If the unit mass of steel is 7850 kg/m? and Е = 200 x 10? MN/m/, find the total 


elongation of the rod. 


Solution 206 
Let 8 = total elongation 
5; = elongation due to its own weight 
J 5, = elongation due to applied load 
5, 
ч 5 = 5, + à; 
3 PL 
з & = 
А АЕ 
W 3 Where: P = W = 7850(1/1000)3(9.81)[300(150)(1000)] 
3 P = 3465.3825 N 
L = 75(1000) = 75 000 mm 
A = 300 mm 
E = 200 000 MPa 
465 3825 (7 
&- 3465.3825 (75000) =433 mm 
300 (200 000) 
- PL 
7 АЕ 
Where: P = 20 kN = 20 000 N 
- L = 150 m = 150 000 mm 
2 A = 300 mm? 
3 E - 200 000 MPa 
20000(150000 
&= —— =50 mm 
=? 300(200000) 
үт 
20 kN Total elongation: 
б = 4.33 + 50 = 54.33 mm 
Problem 207 


A steel wire 30 ft long, hanging vertically, supports a load of 500 Ib. Neglecting the 
weight of the wire, determine the required diameter if the stress is not to exceed 20 ksi 


and the total elongation is not to exceed 0.20 in. Assume E = 29 x 10° psi. 


Solution 207 


Based on maximum allowable stress: 


Based on maximum allowable deformation: 
PL 
5 = —_і 
—x* AE 


500 Ib 0.29 = 9008012) 


—* i 1nd'(29x10*) 
d = 0.0395 in 


Use the bigger diameter, d — 0.0395 in 


Problem 208 

A steel tire, 10 mm thick, 80 mm wide, and 1500.0 mm inside diameter, is heated and 
shrunk onto a steel wheel 1500.5 mm in diameter. If the coefficient of static friction is 
0.30, what torque is required to twist the tire relative to the wheel? Neglect the 


deformation of the wheel. Use E = 200 GPa. 


Solution 208 


5 = 2(1500.5 — 1500) = 0.5= mm 
P=T 
L = 1500х mm 
A = 10(80) = 800 mm? 
E = 200 000 MPa 
_ Т(1500л) 
800(200000) 


10 пип Т-5333333 М 


10 mm 


1500 mm 
0.52 


F-2T 
р (1500)(80) = 2(53 333.33) 
p= 0.8889 MPa > intemal pressure 
Total normal force, N: 
" 1 8) N =p x contact area between tire and wheel 


N = 0.8889 x л(1500.5)(80) 
N = 335 214.92 N 


Friction resistance, f- 
f= uN = 0.30(335 214.92) 
f= 100 564.48 N = 100.56 kN 


Torque = f x + (diameter of wheel) 


Torque = 100.56 x 0.75025 
Torque = 75.44 kN-m 


Problem 209 
An aluminum bar having a cross-sectional area of 0.5 in? carries the axial loads applied 
at the positions shown in Fig. P-209. Compute the total change in length of the bar if E 


= 10 x 10° psi. Assume the bar is suitably braced to prevent lateral buckling. 


6000 b 4000 b 
35 5f 4f 


Solution 209 


6000 Ib NE P, = 6000 Ib 


P, = 6000 Ib tension 
Р, = 1000 Ib compression 
3 = 4000 Ib tension 
= PL 
AE 
ô = ô -ht+ds 
6000(3x12) X 1000(5x12) 4 4000(4х 12) 


05(10x10^) 0.5(10x10°)  0.(10x10^) 
8 = 0.0696 in (lengthening) 


ó 


Problem 210 
Solve Prob. 209 if the points of application of the 6000-Ib and the 4000-Ib forces are 


interchanged. 


Solution 210 


4000 Ib ИШ р, = 4000 lb 
| люь|-Э? 
4000 Ib P; = 11000 Ib 


4000 Ib P3 = 6000 b 


P, = 4000 Ib compression 

P; = 11000 1b compression 

P, = 6000 Ib compression 
PL 


6-7-8-& - ôs 
4000(3x12)  11000(5x12)  6000(4x12) 


05(10x10*) 05(10x10°)  05(10х10) 
5 = -0.19248 іп = 0.19248 in (shortening) 


Problem 211 

A bronze bar is fastened between a steel bar and an aluminum bar as shown in Fig. P- 
211. Axial loads are applied at the positions indicated. Find the largest value of P that 
will not exceed an overall deformation of 3.0 mm, or the following stresses: 140 MPa in 
the steel, 120 MPa in the bronze, and 80 MPa in the aluminum. Assume that the 
assembly is suitably braced to prevent buckling. Use Е = 200 GPa, Ea = 70 GPa, and 
Ebr = 83 GPa. 


Bronze 


08 5 А=650тт? Pa 
P 2р 
10 т 2.0 т 15 т 
Figure P -211 
Solution 211 
Based on allowable stresses: 
Steel: 
P4 = 044, 
P = 140(480) = 67 200 N 
P=672kKN 
Py, =P 
Ља аж 
Py = 2р Bronze: 
ИН <— Py = OnAir 
Py = 2P 2P = 120(650) = 78 000 
Р Р = 39 000 N = 39 kN 
Aluminium: 
Pa = бийд 


2P = 80(320) = 25 600 N 
P-12800N =128 KN 


Based on allowable deformation: 
(steel and aluminum lengthens, bronze shortens) 


5 = à, 7 Ör + Ôu 
2. Р000) _ 2Р(2000) , _2P(1500) 
480(200000)  650(70000)  320(83000) 
З = (sel - mis + s0 )P 


Р = 84 610.99 N = 84.61 КЧ 


Use the smallest value of P, P = 12.8 КМ 


Problem 212 
The rigid bar ABC shown in Fig. Р-212 is hinged at A and supported by a steel rod at B. 


Determine the largest load P that can be applied at C if the stress in the steel rod is 


limited to 30 ksi and the vertical movement of end C must not exceed 0.10 in. 


Figure P-212 


Solution 212 
Free body and deformation diagrams: 


P = 0.4[30(0.50)] 
P-6kips 


Based on movement at C: 


Р = 0.4(12 083 33) 
P = 4833.33 Ib = 4.83 kips 


Use the smaller value, P = 4.83 kips 


Problem 213 
The rigid Баг AB, attached to two vertical rods as shown in Fig. P-213, is horizontal 
before the load P is applied. Determine the vertical movement of P if its magnitude is 50 


kN. 


Figure P-213 


| Aluminum 
11-3т 
| А = 500тт? 


Solution 213 
Free body diagram: 


h 3.5 m 


For aluminum: 


[=Msz = 0] 6Р, = 2.5(50) 
Pa = 20.83 kN 
[5- PL] "үн 20.83(3)10007 
AE |, "7 800(70000) 
i= 1.78 mm 
For steel: 
[£M = 0] 6Р, = 3.5(50) 
P,, = 2917 kN 
Ї PL] 29 17(4)1000* 
ó-2——| õa = ——————— 
EL 300(200000) 
9, = 194 mm 


Movement diagram: 


A 3.5 Е 2.5 С 
5 " 
£ 
шу _194-178 
3.5 6 
y 7 0.09 mm 


бв = vertical movement of P 
ӧв= 1.78 + y = 1.78 + 0.09 
бв = 1.87 mm 


Problem 214 
The rigid bars AB and CD shown in Fig. P-214 are supported by pins at A and C and the 
two rods. Determine the maximum force P that can be applied as shown if its vertical 


movement is limited to 5 mm. Neglect the weights of all members. 


Figure P-214 ү А 

3 Aluminum 
L=2m 
А = 500 mm? 


Р 
Solution 214 
[> МА = 0] ЗР,-6Р, 
Pa = 2Ps: 
By ratio and proportion: 
Sp би 
6 3 
Ss = 28a = 25d 
AE Ja 
bp=2 Р,(2000) 
500(70000) 
Op = ти Ра = зэ (2Р.) 
би == Р., э movement of В 


Movement of D: 
PL 
Sp = ӧ + ӧв = E + 5 Р» 


___р,(2000) . , 


| бр Р 
інь 300(200000) => ^ 
FBD and movement dili ca 
diagram of bar CD 
[ZMc = 0] 6P. = 3P 
Р, = + Р 
By ratio and proportion: 
LUC 
3 6 
ӧр = 4 ӧр= + i atts Р.) 
бр ын A Р, 
- sis (4P) 


P = 76 363.64 N = 76.4 kN 


Problem 215 
A uniform concrete slab of total weight W is to be attached, as shown in Fig. Р-215, to 
two rods whose lower ends are on the same level. Determine the ratio of the areas of 


the rods so that the slab will remain level. 


Figure P-215 “үү? 


Steel 
Е = 29 x 105 psi 
L-6ft 


Aluminum 4 
E = 10 x 10° psi 
L-4f 


Solution 215 
[ZMa = 0] 6P, = 2W 
Pa = + W 


1” Ра [EM = 0] 6P4 = AW 
Ра = i W 
» e 9 


ек! 915 


3 2 4 1 [PL] [PL 
” Fal 1 Fal 
4W(6x12) _ 4W(4x12) 
A,,(29x10°) A, (10x 10°) 
Az | #W(4x12)(29x10°) 
A,  4W(6x12)(10x10°) 


Aa/ As: - 3.867 


Problem 216 

As shown in Fig. P-216, two aluminum rods AB and BC, hinged to rigid supports, are 
pinned together at B to carry a vertical load P — 6000 Ib. If each rod has a 
crosssectional area of 0.60 in? and E = 10 x 10° psi, compute the elongation of each 
rod and the horizontal and vertical displacements of point B. Assume a = 30? and 0 = 


309. 


Solution 216 


р = 60001 Pe 


Movement of B 


[XFH-7 0] Рав соѕ 30° = Рвс cos 30° 
Рав = Pac 
[XFy=0] Рав sin 30? + Pzc sin 30° = 6000 
Pap (0.5) + Paz (0.5) = 6000 
Pag = 6000 Ib tension 
Psc = 6000 Ib compression 


PL 
AE 

_ 6000(10 x 12) 
0.6(10 x 10?) 
6000(6 x 12) 
0.6(10 x 10°) 


5 — 
= 0.12 in. lengthening 


ӧрс = = 0.072 in. shortening 


DB = бав = 0.12 in 

BE = бак = 0.072 in 

ӧв = BB’ = displacement of B 

B' - final position of B after elongation 


Triangle BDB’: 
0.12 


Triangle BEB’: 


cos (120? - B) - = 


B 
0.072 


© cos (120? - p) 
Og = бв 

012 _ 0072 
cosB cos (120° В) 


cos 120? cos B+sin 120° sinp _ 0.6 
cos B | 


-0.5 + sin 120? tan В = 0.6 
tan B = 1.1/sin 120°; В = 51.79? 


ф = 90 - (30° + В) = 90° - (30° + 51.79?) 


ф = 8.21° 
_ 0.12 
cos 51.79° 
бв = 0.194 in 
Triangle ВЕВ”: 
5; = B'F = бв sin ó = 0.194 sin 8.21° 
ôr = 0.0277 in 


ör = 0.0023 ft> horizontal displacement of В 


6, = BF = óg cos ф = 0.194 cos 8.21? 
5, = 0.192 in 
5, = 0.016 ft = vertical displacement of B 


Problem 217 
Solve Prob. 216 if rod AB is of steel, with E = 29 x 10° psi. Assume a = 45° and 0 = 


30°; all other data remain unchanged. 


Solution 217 


By Sine Law 
Р, 6000 


sin 60° Ё sin 75? 
Pag = 5379.45 Ib (Tension) 


= 45° 
E Py. _ 6000 
dy sin 45? віп 75° 
Р-6000 г Pgc = 4392.30 Ib (Compression) 
= PL 
AE 
_ 5379.45(10 х 12) 


=“) = 9.0371 in. (lengtheni 
0.6(29 x 10°) —€— 


= $992:30(6x12) . 00527 in. (shortening) 
0.6(10х 107) 
DB = блв = 0.0371 in 
BE = ӧрғ = 0.0527 in 
ӧв = BB’ = displacement of B 
B’ = final position of B after deformation 


Triangle BDB’: 
_ 0.0371 


Movement of B 0.0371 


Triangle BEB’: 
0.0527 


B 


cos (105° - В) = 


х 0.0527 

cos (105° – В) 

ӧв = ӧв 

0.0371 _ 0.0527 

соѕ В cos (105° — В) 

cos 105° cos В + sin 105° sin В 
соѕ В 

-0.2588 + 0.9659 tan В = 1.4205 

1.4205 + 0.2588 

tan B = ———————— 
0.9659 

tan p = 1.7386 

B = 60.1? 


= 1.4205 


0.0371 
cos 60.1° 
dg = 0.0744 in 


бие 


бф = (45° + B) - 90° 
= (45° + 60.1°) - 90° 


= 15.19 
Triangle BFB’: 
ӧһ = FB’ = бв sin ф = 0.0744 sin 15.1? 
õn = 0.0194 in 


ӧһ = 0.00162 ft > horizontal displacement of В 


5, = BF = бк cos 6 = 0.0744 cos 15.1? 
9, = 0.07183 in 
5, = 0.00598 ft > vertical displacement of В 


Problem 218 

A uniform slender rod of length L and cross sectional area A is rotating in a horizontal 
plane about a vertical axis through one end. If the unit mass of the 

rod is p, and it is rotating at a constant angular velocity of o rad/sec, show that the total 


elongation of the rod is po?L?/3E. 


Solution 218 


from the frigure: 

dP x 

AE 
Where: 
dP = centrifugal force of differential mass 
dP = dM ox = (pA бх)о? x 
dP = pAc? x dx 

(pA x dx) х 

AE 


rmm ean, 
-—7 хаш 


46 - 


Problem 219 

A round bar of length L, which tapers uniformly from a diameter D at one end to a 
smaller diameter d at the other, is suspended vertically from the large end. If w is the 
weight per unit volume, find the elongation of the rod caused by its own weight. Use 


this result to determine the elongation of a cone suspended from its base. 


Solution 219 
2 PL 
AE 
For the differential strip shown: 
б = dő 
P = weight carried by the strip 
= weight of segment y 
L=dy 
A = area of the strip 


diameter, D For weight of segment y (Frustum of a cone): 
P=wvy 


From section along the axis 


x D-d 

y L 

«20-4, 
L 


Volume for frustum of cone 
V= 42h (R?+ 17 + Rr) 
y= ли [4 (x + dy? 
-104-4(х-4)(44) 
Уус 4 ny [(x+ df + @ + (x + dd] 


diameter, d 


D 
р-а а Р = по [(x + d? + d + (x + d)d]y 
Р = + nw [х2 + 2х4 + 2+ Ф + ха + Ф]у 
Р = 4 nw [х2 + 3xd + ЗФ] y 
L 12 L L 
y Area of the strip: 
л(р-4 ү 
А = 1 т(х+ bi d 
- z U(x d) 4.27) 
Section along the 


axis of the bar 


Thus, 


PI 


dö = — (ay +) - P? (ау-9)714у 
3aE 


L 
1 2 [(ay +b) — b? (ay + b) ^] dy 


3JL 
Жонн 
3aE| 2а Ea 
0 
_ ш |(ау+Ь) 9 
Sa E 2 ay+b |, 


aL+b 
w | (а +6)? «2b? —3b7(aL +b) 
2(aL+b) 
5-5 (aL)? + 3(aL)^ b + (aL)b? +b? + 2b? — 3ab?L — 3b? 
aL+b 


w Е тэнэг 
—————— — — |iNote: а= D-d&b = Ld 
aL+b 
6(D-d) E (D- d)L +(14) 
6(D-d) E LD - Ld « Ld 
.  wDP |(D-à4y «зар-а) 
€ LD 
D? -2Dd + d? +3Dd-3d" ipd spia за? 
“эс a 
рї-ра-2а! 
Soa ae e 


рр. à- -24) 
DUE ғ 


__ wl Ae - ау wl? (24) 
6(D — d)E LD 6(D — d)E 
_ wL(D«d) | wr 


© éE(D-d) ЗЕП(-4) 


LD 


For a cone: 
D=Dandd=0 
6502—07 D(D-0) 
_ wL 
6E 


SOLVED PROBLEMS IN STRAIN AND AXIAL DEFORMATION 


Problem 203 
The following data were recorded during the tensile test of a 14-mm-diameter mild steel 


rod. The gage length was 50 mm. 


Load Elongation Load Elongation 


(N) (mm) (N) (mm) 

0 0 46200 125 
6310 0.010 52400 2.50 
12600 0.020 58500 4.50 
18800 0.030 68000 7.50 
25100 0.040 59000 12.50 
31300 0.050 67800 15.50 
37900 0.060 65000 20.00 
40100 0.163 61500 Fracture 


41600 0.433 


Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limits; (b) modulus of elasticity; (c) yield point; (d) ultimate strength; and 


(e) rupture strength. 


Solution 203 
Area, A = 2 т(14)? = 491 шаг, Length, L = 50 mm 

Strain = Elongation/Length; Stress = Load/ Area 
RS (Failure, 399.51) 


US (0.15, 441.74) Load Elongation Strain Stress 
(N) (mm)  (mm/mm) | (МРа) 
0 0 0 0 
x 6310 0.010 0.0002 40.99 
$ ҮР (0.0087, 270.24) 12600 0.020 0.0004 81.85 
8 EL (0.0033, 26049) 15800 0.030 0.0006 12213 
PL (0.0012, 246.20) 55100 0.040 0.0008 163.05 
adir 31300 0.050 0.001 203.33 
"POE 37900 0.060 0.0012 246.20 
(not drawn to scale) 40100 0.163 0.0033 260.49 
ee eee ee 41600 0.433 0.0087 270.24 
= PTO ional Lim = 
асасы: 46200 1250 0.025 300.12 
үр = Wel Point ek 52400 2.500 0.05 340.40 
—— 58500 4.500 0.09 380.02 
P NUNC 68000 7500 015 44174 
59000 12.500 0.25 383.27 
67800 15.500 0.31 440.44 
65000 20000 04 422.25 
61500 Failure 399.51 
From stress-strain diagram: 


(a) Proportional Limit = 246.20 MPa 
(b) Modulus of Elasticity 
E = slope of stress-strain diagram 
within proportional limit 
E = 22020 _ 205 166.67 MPa 
0.0012 
E = 205.2 GPa 
(c) Yield Point = 270.24 MPa 
(4) Ultimate Strength = 441.74 MPa 
(e) Rupture Strength = 399.51 MPa 


Problem 204 
The following data were obtained during a tension test of an aluminum alloy. The initial 
diameter of the test specimen was 0.505 in. and the gage length was 


2.0 in. 


Load Elongation Load Elongation 


(b) (n) (lb) (in.) 
0 0 14000 0020 
2310 000220 14400 0.025 
4 640 000440 14500 0.060 
6 950 000660 14600 0.080 
9 290 000880 14800 0.100 
11 600 0.0110 14600 0120 


12 600 0.0150 13600 Fracture 


Plot the stress-strain diagram and determine the following mechanical properties: (a) 
proportional limit; (b) modulus of elasticity; (c) yield point; (d) yield strength at 0.2% 


offset; (e) ultimate strength; and (f) rupture strength. 


Solution 204 
Area = 4 (0.505) = 0.0638rin?; Length, L -20in. 
Strain = Elongation/Length; Stress = Load/Area 


Load Elongation Strain Stress 
(b) (ün) (in/in) (psi) 


0 
2310 0.0022 0.0011 11532.92 
4640 0.0044 0.0022 23165.70 
6950 0.0066 0.0033 34698.62 
9290 0.0088 0.0044 46381.32 


11600 0011 00055 5791424 

us 12600 0.015 0.0075 62906.85 

У 14000 0.02 0.01 69896.49 

° 14400 0.025 00125 7189354 
ў 14500 0.06 0.03 72392 80 
8 14600 008 0.04 72892 06 
14800 01 0.05 73890.58 

14600 012 0.06 72892 06 

13600 Fracture 67899 45 


E ра Strain, z 
0.002 offset 


From stress-strain diagram: 
PL (0.0055, 57914.24) 


EL (0.0075, 62906.85) (a) Proportional Limit — 57,914.24 psi 
ҮР (0.01, 69896.49) (b) Modulus of Elasticity: 
US (0.05, 73890.58) 57914.24 
RS (Failure, 67899.45) E = ———— = 10,529,861 82 psi 
0.0055 
E = 10,529 86 ksi 


(c) Yield Point — 69,896.49 psi 
(d) Yield Strength at 0.2% Offset: 
Strain of Elastic Limit 
= eat PL + 0.002 
= 0.0055 + 0.002 
= 0.0075 in/in 
The offset line wil! pass through Q(See figure): 


Slope of 0.2% offset 
= Е = 10,529,861 82 psi 


Test for location 


rise 
slope = -- 


run 


10,529,861.82 = 9989.64 4992.61 
run = 0.00113793 < 0.0025, therefore, 
the required point is just 


before ҮР. 


Slope of EL to YP 
c, _ 6989.64 


‚| 0005 
91 22795856 


1 


e| 


с 


a= ер 
2 795 856 
For required point 
E- 4992 61-6, 
£i 


10 529 861 82 = —————- 


3.76620; = 4992 61 + c; 
c; = 1804.84 psi 


Yield Strength at 0.2% Offset 
=EL+ о 
= 62906.85 + 1804.84 
= 64,711.69 psi 


(е) Ultimate Strength = 73,890.58 psi 
(f) Rupture Strength = 67,899.45 psi 


Problem 205 


A uniform bar of length L, cross-sectional area A, and unit mass p is suspended 


vertically from one end. Show that its total elongation is б = pgl? / 2E. If the total mass 


of the bar is M, show also that 6 = MgL/2AE. 


Solution 205 


Wy 


Another Solution: 


5 = PL 
AE 
From the figure: 
5 = 
P = Wy = (eAy)g 
L=dy 
ag = PADE dy 
AE 
pg f! ре | y^ | 
ô= -9|ydy = —9|— 
Ern | 2 | 
5 = Ё |2 -o?] = per2/2E ok! 
2E 
Given the total mass М: 


р= М/У= M/AL 


8 = pgl?/2E = (M/AL)(gL2/2E) 


6 = MgL/2AE ok! 

The weight will act at the center of gravity of the bar: 
PL 

5--- 
АЕ 


Where: P =W = (pAL)o 
= L2 


s = ЦвА110-/2) 
AE 


з= PEL ok! 
2bE 


For you to feel the situation, 
position yourself in pull-up 
exercise with your hands on the 
bar and your body hang freely 
above the ground. Notice that 
your arms suffer all your 
weight and your lower body 
fells no stress (center of weight 
is approximately just below the chest). If your body 
is the bar, the elongation will occur at the upper half 
of it. 


Shearing Deformation 
Shearing forces cause shearing deformation. An element subject to shear does not 


change in length but undergoes a change in shape. 


T 


The change in angle at the corner of an original rectangular element is called the shear 


strain and is expressed as 


y= 


m |. 


The ratio of the shear stress t and the shear strain y is called the modulus of elasticity 


in shear or modulus of rigidity and is denoted as G, in MPa. 
G-- 
Y 


The relationship between the shearing deformation and the applied shearing force is 


where V is the shearing force acting over an area А.. 


Poisson's Ratio 


When a bar is subjected to a tensile loading there is an increase in length of the bar in 
the direction of the applied load, but there is also a decrease in a lateral dimension 
perpendicular to the load. The ratio of the sidewise deformation (or strain) to the 
longitudinal deformation (or strain) is called the Poisson's ratio and is denoted by v. For 


most steel, it lies in the range of 0.25 to 0.3, and 0.20 for concrete. 


where e, is strain in the x-direction and ғу and ғ, are the strains in the perpendicular 
direction. The negative sign indicates a decrease in the transverse dimension when e, is 


positive. 


BIAXIAL DEFORMATION 


If an element is subjected simultaneously by ensile stresses, ox and oy, in the x and y 
directions, the strain in the x-direction is ox / E and the strain in the y direction is оу / E. 
Simultaneously, the stress in the y direction will produce a lateral contraction on the x 


direction of the amount -v sy or -v су/Е. The resulting strain in the x direction will be 


с, А (=, + є, )Е 

£y = —-v— ого; = = 

E 1-v^ 

and 

o, й (=, + ve, )Е 

е,2-2-4-5 org,-7 — 5 

EN > i i-W 

TRIAXIAL DEFORMATION 


If an element is subjected simultaneously by three mutually perpendicular normal 


stresses ox, oy, and oz, which are accompanied by strains ex, ғу, and ez, respectively, 


1 
Ex gr у(с, -96.)] 
ED! 
£y 7 ТЇ» - v(o, +0,)] 
ER ER 
Е: = ri v(o,  0,)] 


Tensile stresses and elongation are taken as positive. Compressive stresses and 


contraction are taken as negative. 


Relationship Between E, G, and v 


The relationship between modulus of elasticity E, shear modulus G and Poisson's ratio v 


is: 


2(1+v) 


Bulk Modulus of Elasticity or Modulus of Volume Expansion, К 


The bulk modulus of elasticity K is a measure of a resistance of a material to change in 


volume without change in shape or form. It is given as 


K= E Е [e] 
3(1- 2v) AV/V 


where V is the volume and AV is change in volume. The ratio AV / V is called volumetric 


strain and can be expressed as 


AV o |. 3(1- 2v) 
V K E 


Solved Problems in Shearing Deformation 


A solid cylinder of diameter d carries an axial load P. Show that its change in diameter is 


Problem 222 
4Pv / хЕа. 
Solution 222 
v= _Ey 
Ey 
£y = -VEx 
[e] 
o,/2 » 
б, =р 
а m SR -V — 
d AE 
" 5/2 Ка Pd 
The load P can be ressive or tensil у= V 5 
е loa can compressive or tensile y 4nd°E 
4Ру 
by = —— ok! 
7  nEd 


Problem 223 

A rectangular steel block is 3 inches long in the x direction, 2 inches long in the y 
direction, and 4 inches long in the z direction. The block is subjected to a triaxial loading 
of three uniformly distributed forces as follows: 48 kips tension in the x direction, 60 
kips compression in the y direction, and 54 kips tension in the z direction. If v = 0.30 
and E = 29 x 10° psi, determine the single uniformly distributed load in the x direction 


that would produce the same deformation in the y direction as the original loading. 


Solution 223 


For triaxial deformation (tensile triaxial stresses): 
(compressive stresses are negative stresses) 


ey= = [oy- Уо + од) 


G, = —> = — = 6.0 ksi (tension) 
A, 42) 
P 60 
oy = —- = —— = 50 ksi (compression) 
A, — 4(3) 
z= LEM. „ 9.0 ksi (tension) 
Ay 2(3) 
1 
= ———— [-5000 - 0.30(6000 + 9000 
"^ 29108 | | ] 


ey = -3.276 x 10+ 


£y is negative, thus tensile force is required in the 
x-direction to produce the same deformation in 


the y-direction as the original forces. 


For equivalent single force in the x-direction: 
(uniaxial stress) 


1 30| — 9x || -.3276x104 
| 29x 105 | 


Gx = 31 666.67 psi 

Ox = К. Ж = 31 666.67 
4(2) 

P, = 253 333.33 Ib (tension) 

Px = 253.33 kips (tension) 


Problem 224 
For the block loaded triaxially as described in Prob. 223, find the uniformly distributed 


load that must be added in the x direction to produce no deformation in the z direction. 


Solution 224 


1 
NE [o: - v(ox + с,)] 


су = 6.0 ksi (tension) 
су = 5.0 ksi (compression) 
с: = 9.0 ksi (tension) 


1 
ez = — — —. [9000 - 0.3(6000 – 5000)] 
29x10 
£: = 2.07 x 10 


£z; is positive, thus positive stress is needed in the x- 
direction to eliminate deformation in z-direction. 


The application of loads is still simultaneous: 
(No deformation means zero strain) 


Е. = = [c: - v(Gx + с,)] = 0 


Gz = V(Gx + Gy) 


Gy = 5.0 ksi > (compression) 
о: = 9.0 ksi 2 (tension) 

9000 = 0.30(с, - 5000) 

Gx = 35 000 psi 


Саада + 6000 = 35 000 
Саа 7 29 000 psi 


Рады _ 29 000 
2(4) 

Рана 232 000 Ib 

Раша = 232 kips 


Problem 225 
A welded steel cylindrical drum made of a 10-mm plate has an internal diameter of 1.20 
m. Compute the change in diameter that would be caused by an internal pressure of 1.5 


MPa. Assume that Poisson's ratio is 0.30 and E = 200 GPa. 


Solution 225 


бу longitudinal stress 
_ PD _ 1.5(1200) 


Oy = 
4t 4(10) 
Gy = 45 MPa 
бу = tangential stress Y 
<= pD = 1.5(1200) thickness, 
2t 2(10) (^ | "X/ t-10mm 
су = 90 MPa u 
x 
Ex - 9x. 22 
5 Ё . . 1.20 m 
Q2 O gd. 9 
* 200000 = | 200000 
£x = 3.825 x 10+ 
AD 
£x = — 
D 
AD = s, D = (3.825 x 10-)(1200) 
AD = 0.459 mm 
Problem 226 


A 2-in.-diameter steel tube with a wall thickness of 0.05 inch just fits in a rigid hole. 
Find the tangential stress if an axial compressive load of 3140 Ib is applied. Assume v = 


0.30 and neglect the possibility of buckling. 


Solution 226 
o 
£x Че „ту -0 
Е E 
0.05" 2.0" 0.05” Ox = VO, 
ni | where ox = tangential stress 
c, = longitudinal stress 
Р, 3140 
бу __ ЖЕЕ МЫ AT 
| 3140 Ib A x(2)(0.05) 


Gy = 31400/л psi 


сх = 0.30(31400/ n) 
Ox = 9430/7 psi 
c, = 2298.5 psi 


Problem 227 

A 150-mm-long bronze tube, closed at its ends, is 80 mm in diameter and has a wall 
thickness of 3 mm. It fits without clearance in an 80-mm hole in a rigid 

block. The tube is then subjected to an internal pressure of 4.00 MPa. Assuming v = 1/3 


and E = 83 GPa, determine the tangential stress in the tube. 


Solution 227 


Longitudinal stress: 
pD 4(80) 
су= L— = —— 
4t 4(3) 
Diameter, D = 80 mm _ 80 
Thickness, t = 3 mm оу — + 


» £x = ЗЛЫЕ = 0 
E |. Ox = VO, = tangential stress 
- х _ 1/80) 
* 843) 
сх = 8.89 MPa 


Problem 228 

A 6-in.-long bronze tube, with closed ends, is 3 in. in diameter with а wall thickness of 
0.10 in. With no internal pressure, the tube just fits between two rigid end walls. 
Calculate the longitudinal and tangential stresses for an internal pressure of 6000 psi. 


Assume v = 1/3 and E = 12 x 10° psi. 


Solution 228 


o o 
Е 
t-010in y Gx = Voy = с: Э longitudinal stress 


с,= су Э tangential stress 


H pD _ 6000(3) 
A сун — = 
{ зїп@ 2t 20010) 

J с: = 90,000 psi 


©: = vo, = + (90,000) 
o; = 30,000 psi 


Statically Indeterminate Members 

When the reactive forces or the internal resisting forces over a cross section exceed the 
number of independent equations of equilibrium, the structure is called statically 
indeterminate. These cases require the use of additional relations that depend on the 


elastic deformations in the members. 


Solved Problems in Statically Indeterminate Members 


Problem 233 
A steel bar 50 mm in diameter and 2 m long is surrounded by a shell of a cast iron 5 
mm thick. Compute the load that will compress the combined bar a total of 0.8 mm in 


the length of 2 m. For steel, E = 200 GPa, and for cast iron, E = 100 GPa. 


Solution 233 


5 - бєл, trom = 85:54 - 0.8 mm 
P Bearing Plate 


Prost iron (2000) =08 
[2 л(60° —507)](100000) 
Past iron 11 000л N 


Cast Iron, 


+= 5mm Ocast iron = 


- P, (2000) - 
[42(50*)](200000) 
Р.“ = 50 000л N 


= 
Osteel 


шш 0002 


УРу= 0 

P= Past iron * Р. 

Р = 11 000r + 50 0007 
Р = 61 0007 М 

Р = 191.64 КМ 


Problem 234 


A reinforced concrete column 200 mm in diameter is designed to carry an axial 


compressive load of 300 kN. Determine the required area of the reinforcing steel if the 


allowable stresses are 6 MPa and 120 MPa for the concrete and steel, respectively. Use 


Ес, = 14 GPa апа Ey = 200 GPa. 


Solution 234 


Problem 235 


0570476 
EJ; ХАЕ/, 
(st _ (st) 
E /ю ! E Js 
с.і Е GL 
14000 200000 
1005% = 70: 


When c; = 120 MPa 
1006 = 7(120) 
с» = 8.4 MPa > 6 MPa (not ok!) 


When со 6 MPa 
100(6) = 7с. 
с» = 85.71 MPa < 120 MPa (ok!) 


Use б,» = 6 MPa and o, = 85.71 MPa 


УРу= 0 

Pst + Peo = 300 

Ost А» + Со Асо 300 

85.71А, + 6[+ 1(200)? — А„] = 300(1000) 
79.71A + 60 000n = 300 000 

Az = 1398.9 mm? 


A timber column, 8 in. x 8 in. in cross section, is reinforced on each side by a steel 


plate 8 in. wide and t in. thick. Determine the thickness t so that the column will 


support an axial load of 300 kips without exceeding a maximum timber stress of 1200 


psi or a maximum steel stress of 20 ksi. The moduli of elasticity are 1.5 x 10° psi for 


timber, and 29 x 10° psi for steel. 


Solution 235 


Ost = ӧ, 

(52) (82) 

Е st E timber 
OyL _ O timber L 


29x10? 1.5x10° 
1.50: = 296 timber 


Ї 


D L^ 
2 И 
@ ~ 4 
й й 
й 75 
m - 
А! @ 
й 


When сеть = 1200 psi 

1.50» = 29(1200) 

Gs = 23 200 psi = 23.2 ksi > 20 ksi (not ok!) 
When o. = 20 ksi 

1.5(20 х 1000) = 296 simber 

Онтыт = 1034.48 psi < 1200 psi (ok!) 


ГГА 


Use os = 20 ksi and окты = 1.03 ksi 
£Fy =0 

Ен + Рыты = 300 

СА + OtimberA timber = ЗОО 

20[4(St)] + 1.03(82) = 300 

t= 0.365 in 


Problem 236 

A rigid block of mass M is supported by three symmetrically spaced rods as shown in fig 
P-236. Each copper rod has an area of 900 mm?; E = 120 GPa; and the allowable stress 
is 70 MPa. The steel rod has an area of 1200 mm?; E = 200 GPa; and the allowable 


stress is 140 MPa. Determine the largest mass M which can be supported. 


Figure P-236 and P-237 


Solution 236 


W = Mg б = би | 
EE E 
ш .JÉ MUN 
йи кишш ки б,(160) _ с„(240) 
et e 120000 200000 
~ вий 10сс = 90. 


When о: = 140 MPa 

Seo = ту (140) 

б = 126 MPa > 70 MPa (not ok!) 
When с 70 MPa 

с = 20 (70) 


с» 77.78 MPa < 140 MPa (ok!) 
Use с„ = 70 MPa and c, = 77.78 MPa 


УЕу-0 

2р. + Р» = W 

2(05A5) + бад, Mg 

2[70(900)] - 77.78(1200) - M(9.81) 
M = 22 358.4 kg 


Problem 237 
In Prob. 236, how should the lengths of the two identical copper rods be changed so 


that each material will be stressed to its allowable limit? 


Solution 237 
Use бос 70 MPa and с: = 140 MPa 


1 / co 1 / st 

70L,, 2 140(240) 
120000 200000 
Lo — 288 mm 


Problem 238 

The lower ends of the three bars in Fig. P-238 are at the same level before the uniform 
rigid block weighing 40 kips is attached. Each steel bar has a length of 3 ft, and area of 
1.0 in.?, and E = 29 x 10° psi. For the bronze bar, the area is 1.5 in.? and E = 12 x 10° 
psi. Determine (a) the length of the bronze bar so that the load on each steel bar is 
twice the load on the bronze bar, and (b) the length of the bronze that will make the 


steel stress twice the bronze stress. 


Bronze 


Solution 238 
(a) Condition: P. = 2Р,, 
УҒу= 0 
2Ps+ + Por = 40 
2(2Por) + P» = 40 
P» = 8 kips 
P4 = 2(8) = 16 kips 


— M ee лл лы Ою = Os 


40* 


80001, ^ 16000(3x12) 
1.5(12x10°)  1.0(29x105) 
Ly = 44.69 in 
Ly = 3.72 ft 


(b) Condition: c; = 20 
YXFv-20 
2Ps: + Pw = 40 
2(G5:Ags) + Obr Apr = 40 
2[(2сь) Ast] + Ovr Apr = 40 
46, (1.0) + оь, (1.5) = 40 
O» 7.27 ksi 
Ost = 2(7.27) = 14.54 ksi 


Spr = би 


НЯН 

M E /br : E / st 

7.27(1000)L,, _ 14.54(1000)(3x12) 
12 x10? 29 x 109 


Ly = 29.79 in 
Lir = 2.48 ft 


Problem 239 

The rigid platform in Fig. P-239 has negligible mass and rests on two steel bars, each 
250.00 mm long. The center bar is aluminum and 249.90 mm long. Compute the stress 
in the aluminum bar after the center load P = 400 kN has been applied. For each steel 
bar, the area is 1200 mm? and Е = 200 GPa. For the aluminum bar, the area is 2400 


mm? and E = 70 GPa. 


WINUILUN jy 


Solution 239 


Ss = ӧл + 0.10 


(=) -(=) + 0.10 
Ele VEU ~ 


9,(250) _ о,(24990) | 
200000 70000 


0.001256. = 0.003576, + 0.10 
Gs = 2.85604 + 80 


0.10 


Fy =0 

2Р,,- P4 = 400 000 

20s Ast + Gat Ag = 400 000 

Pa Р, „| 2(2.856сш + 80)1200 + сы (2400) = 400 000 
9254.46, + 192 000 = 400 000 

Са = 22.48 MPa 


Problem 240 

Three steel eye-bars, each 4 in. by 1 in. in section, are to be assembled by driving rigid 
7/8-in.-diameter drift pins through holes drilled in the ends of the bars. The center-line 
spacing between the holes is 30 ft in the two outer bars, but 0.045 in. shorter in the 
middle bar. Find the shearing stress developed in the drip pins. Neglect local 


deformation at the holes. 


Solution 240 


Middle Баг is 0.045 inch shorter between holes than 
outer bars. 


Greatly Exaggerated 
Position of Holes 


бта Souter 


777 o 
Pme ULLA CA |. 
тшэ 2120 1.0 
L1 
0.045 
УЕн-0 
P mia = 2Pouter 


Souter + Ота = 0.045 
| PL) ( PL. 

221 з“Р 

AE J outer “АЕ. 
Р, иг (30x12) К Р,(30х12-0.045) 

[1.0(4.0)]E [1.0(4.0)]E 
360P outer + 359.955P mia = 0.18E 
360Pouter + 359.955(2Pouter) = 0.18E 
(For steel: E = 29 x 106 psi) 


| = 0.045 
mid 


= 0.045 


1079.91 Pouter = 0.18(29 x 105) 
Pouter = 4833.74 Ib 


Рља = 2(4833.74) 
Pmia = 9667.48 Ib 


Use shear force V = Pag 


Shearing stress of drip pins (double shear): 


„= У _ _9667.48 
A 211507 


т = 8038.54 psi 


Problem 241 

As shown in Fig. P-241, three steel wires, each 0.05 in.? in area, are used to lift a load 
W = 1500 Ib. Their unstressed lengths are 74.98 ft, 74.99 ft, and 75.00 ft. (a) What 
stress exists in the longest wire? (b) Determine the stress in the shortest wire if W — 


500 Ib. 


Solution 241 
Let Lı = 74.98 ft; 1, = 74.99 ft; and L; = 75.00 ft 


(a) Bring Lı and L2 into Із = 75 ft length: 
(For steel: E = 29 x 106 psi) 


550. 
АЕ 
For Їл: 
(75 – 7498)12) = 217498х12) 
0.05(29 x 10°) 
Pı = 386.77 1b 
For L2 


(75 - 719902) = боз(29х109) 


P; = 193.36 Ib 


Let P = P; (Load carried by Ls) 
P + P2 (Total load carried Бу L2) 
P + P; (Total load carried by L1) 


УЕу-0 

(P + Pi) + (P+P)+P=W 
3P + 386.77 + 193.36 = 1500 
P = 306.62 Ib = Рз 


Figure P-241 


_ 306.62 
0.05 
оз = 6132.47 psi 


Р, 
o= — 
A 


(b) From the above solution: 
Pı + P2 = 580.13 Ib > 500 Ib (Ls carries no load) 


Bring Lı into L = 74.99 ft 
9 
E 24 (74.99 — 749812) = 1039812) 
AE 0.05(29 x 10°) 
P; = 193.38 Ib 


Let P = P; (Load carried Бу L;) 
P + P, (Total load carried by L1) 


УЕу-0 

(P + P1) + P = 500 
2P + 193.38 = 500 
Р = 153.31 Ib 


P + Pı = 153.31 + 193.38 
P + P, = 346.69 Ib 


= Р+Р, _ 346.69 
А 0.05 
с = 6933.8 psi 


Problem 242 

The assembly in Fig. P-242 consists of a light rigid bar AB, pinned at O, that is attached 
to the steel and aluminum rods. In the position shown, bar AB is horizontal and there is 
a gap, A = 5 mm, between the lower end of the steel rod and its pin support at C. 
Compute the stress in the aluminum rod when the lower end of the steel rod is attached 


to its support. 


Figure P-242 
0.75 m 1.5m 


mra 


Steel Aluminum 
A = 250 mm? L-2m 
E = 200 GPa А = 300 mm? 


Е = 70 СРа 


Solution 242 
УМо= 0 
0.75Р,, -1.5Р,д 
Py = 2Ра 
Ost Age = 2(04 Аш) 
че 2(с.Ад) 
As 
_ 21в,(300)| 
Oz = —— 
250 
Os = 2.40д 
ба = Og 
By ratio and proportion: 
ӧд _ ӧв 
0.75 1.5 
O4 - 0.5ӧр 
ба = 0.564 
А = Os 54 
5 = 6, + 0.584 
_ 9,(2000-5) | оз с,(2000) | 
250(200000) 300(70000) 


5 = (3.99 x 105) о: + (4.76 x 10%) са 
Са = 105 000 — 0.83796. 

са = 105 000 — 0.8379(2.4c.) 
3.010966, = 105 000 

Ga = 34 872.6 MPa 


Problem 243 
A homogeneous rod of constant cross section is attached to unyielding supports. It 
carries an axial load P applied as shown in Fig. P-243. Prove that the reactions are given 


by В; = Pb/L and R, = Pa/L. 


Figure P-243 8: 


Solution 243 


ҮЕн-0 
L=a+b Ri*R-2P 
R2=P-Ri 
Ry 29 
а b 0170276 
Ї PL) _(PL 
Нь--»! R: |АЕ) AE 
5, Ra Rb 
R <— — R F AE 
шин Ria = Rob 
Ria = (P — Rı)b 
Ria = Pb — Rib 
Ri(a + b) = Pb 
RiL = Pb 
R, = Pb/L ok! 
R;-P-Pb/L 
Rə P(L- b) 
L 


Кз = Pa/L ok! 


Problem 244 

A homogeneous bar with a cross sectional area of 500 mm? is attached to rigid 
supports. It carries the axial loads P1 = 25 kN and P2 = 50 kN, applied as shown in Fig. 
P-244. Determine the stress in segment BC. (Hint: Use the results of Prob. 243, and 
compute the reactions caused by P, and P» acting separately. Then use the principle of 


superposition to compute the reactions when both loads are applied.) 


Figure P-244 


Solution 244 


From the result of Prob. 243: 
R, = 25(2.10)/2.70 
Ri = 19.44 kN 


RD R2 = 50(0.90)/2.70 
120m ^" 0.90m Ro = 16.67 kN 


Ra = Ri + R 
Ra = 19.44 + 16.67 
Ra = 36.11 КМ 


For segment BC 
Рвс + 25 = Ra 
Рвс + 25 = 36.11 
Рвс = 11.11 КЧ 


Psc _ 11.11(1000) 
A 500 
Ogc = 22.22 MPa 


OBC = 


Problem 245 
The composite bar in Fig. P-245 is firmly attached to unyielding supports. Compute the 


stress in each material caused by the application of the axial load P = 50 kips. 


Steel 
Aluminum A = 2.0 іп? 
A-125i Е = 29 х 10 рѕі 
44 E = 10 х 10° psi 


15 in 10 in 
Figure P-245 and P-246 


Solution 245 
УЕн= 0 
Rı + Rə = 50 000 
Rı = 50 000 - R; 
6476476 
ea a \AE), 
Ё,15) _ БЁ,(0) 
Е 1.25(10x10°)  2.0(29x10?) 
— FR Rə = 696R, 
— б - „ R2 = 6.96(50 000 – Rə) 
Rumi | * 7.968 = 348 000 
Е Rə = 43 718.59 Ib 
R, _ 43718.59 
Os = A 
A, 2.0 


б» = 21 859.30 psi 


Ri = 50 000 — 43 718.59 
Ri = 6281.41 Ib 


R, 6281.41 
Og = —— = ————— 
А, 1.25 


Ga = 5025.12 psi 


Problem 246 
Referring to the composite bar in Prob. 245, what maximum axial load P can be applied 


if the allowable stresses are 10 ksi for aluminum and 18 ksi for steel. 


Solution 246 


бы = бы = б 
( oL | 2(о1 
LE Ja | E Ја 
с,(10) _ c,(15) 
29x10? 10x10? 
Ost = 4.350д 


When c6; = 10 ksi 
c. = 4.35(10) 
ба? 43.5 ksi > 18 ksi (not ok!) 


When с.; = 18 ksi 
18 = 4.35604 
Сл = 4.14 ksi < 10 ksi (ok!) 


Use og = 4.14 ksi and cos: 18 ksi 


УРн = 0 

Р-8В:-8Ё: 

P = ou An + Ost Ast 

P = 4.14(1.25) + 18(2.0) 
P = 41.17 kips 


Problem 247 
The composite bar in Fig. P-247 is stress-free before the axial loads P1 and P2 are 
applied. Assuming that the walls are rigid, calculate the stress in each material if P4 = 


150 kN and P; = 90 kN. 


Aluminum Steel Bronze 
А = 900 mm?| A = 2000 тт] A = 1200 mm? 
Е = 200 СРа | Е = 83 GPa 


Е = 70 GPa 


500 тт 250 тт 350 тт 


Figure P-247 and Р-248 


Solution 247 


From the FBD of each material shown: 
бу is shortening 


" 150 kN 90 kN " ӧ and бу, are lengthening 
- - R2 = 240- Ri 
Ра = Ri 
| 500mm 250 тт 350 тт P4,7150- Ri 
8, d 8, Por = R2 = 240 – Ri 
-— | 
бы ба = Öst + Spy 
< EL i ag 79) 
150 - R <i =! om ==; FE 
мэ? 150 - Ri AE), ХАЕ/, ХАЕЛ, 
Я | R,(500) _ (150-R,)(250) 
-- К 900(70000) 2000(200000) 
240 - я, {> 
э к ‚ (Q40- R, 350) 
бы 1200(83000) 
R, _ 150-R, " (240 - R, )7 
126000 1600000 1992000 
AR: = gy (150- Ri) + i; 240 - Ri) 
(d gi + 56/)Ё:5 gg (150) + s (240) 
R, = 77.60 kN 
Pa = Ri = 77.60 kN 
P4 = 150 – 77.60 = 72.40 kN 
Py, = 240 - 77.60 = 162.40 kN 
o=P/A 
бш = 77.60(1000) /900 
= 86.22 MPa 
Gs = 72.40(1000) / 2000 
= 36.20 MPa 
Op = 162.40(1000) / 1200 
= 135.33 MPa 
Problem 248 


Solve Prob. 247 if the right wall yields 0.80 mm. 


Solution 248 
Sai = Sse + (Övr + 0.8) 


(PL\ _(PL) (PL 
р = е | —| +08 
Aluminum Steel — Bronze , АЕ Ја VAE/, \ АЕ}, 
90kN | R, (500) E (150000 — R, )(250) 
2-5 1 900(70000) 2000(200000) 
500mm 250mm 350 тт 
= (240000 — R, )(350) 
| 0.8 mm ————————————“ и 
8, В, 1200(83000) 
m o | 
27 R, _ 150000-R, 


126000 1600000 
150,000 - Ry 4—À4 = 
— НЫ... | ‚ 7(240000-R,) | 


ela | 1992000 
st 
240,000 – В Se $R Е тос (150000 — R4) 
| 24 < " + 225 (240000 – R1) + 1600 
Str – 0.8 i+ + = + эз )Ё1 — 44, (150000) 
+ z4 (240000) + 1600 
Ri = 143 854 N = 143.854 kN 


0.8 


Pa = Ri = 143.854 kN 
P, = 150 — R; = 150 - 143.854 = 6.146 kN 
Py, = Еэ = 240 - К = 240 - 143.854 = 96.146 kN 


o=P/A 


бш = 143.854(1000)/ 900 
= 159.84 MPa 


Gs = 6.146(1000) / 2000 
= 3.073 MPa 


ск = 96.146(1000) / 1200 
= 80.122 MPa 


Problem 249 

There is a radial clearance of 0.05 mm when a steel tube is placed over an aluminum 
tube. The inside diameter of the aluminum tube is 120 mm, and the wall thickness of 
each tube is 2.5 mm. Compute the contact pressure and tangential stress in each tube 


when the aluminum tube is subjected to an internal pressure of 5.0 MPa. 


Solution 249 
Internal pressure of aluminum tube to cause 
contact with the steel: 


0.05 mm cL 
- 
Steel Tube, Е Ја 
t=2.5 mm 
122.5 
| n(122.6 - 122.5) = 9102250) 
Aluminum, 70000 


Е = 2.5 mm 
с = 57.143 MPa 


E Р.) L7 145 
2t | 


p,(120) = 57.143 


2(2.5) 
pi = 2.381 MPa 
Center line of > pressure that 
aluminum at causes aluminum to contact 
first = with the steel, further increase 
with the steel 


of pressure will expand both 
aluminum and steel tubes. 

Let р, contact pressure between steel and 
aluminum tubes 


2Р.. + 2Pa = F 
: 2Р, + 2Pa = 5.0(120.1)(1) 
р, LS Ps + Pa = 300.25 > Equation (1) 


FBD for p 2 2.381 MPa 


The relationship of deformations is 
Deformation of steel (from the figure): 
бе», = 127.60 
Ө = 6, / 127.6 
Deformation of aluminum 
бш = 122.50 
бш = 122.5(5,, / 127.6) 


Geometric relation of deformations 


P,(1225m) _ (96 Р„(127.6л) 
25(70000)  |2.5(200000) 


Pa = 0.35Р., Э Equation (2) 


From Equation (1) 
Fc = pc(125.1)(1) Ps: + 0.35Ps¢ = 300.25 


Р Pd Ps: = 222.41 N 
1 -3 


Ра = 0.35(222.41) 
Ра = 77.84 N 


Р, Im Contact Force 
Е,-2Р,-Е 
p. (125.1)(1) + 2(77.84) = 5(120.1)(1) 
Pc = 3.56 MPa 


Problem 250 

In the assembly of the bronze tube and steel bolt shown in Fig. P-250, the pitch of the 
bolt thread is p = 1/32 in.; the cross-sectional area of the bronze tube is 1.5 in.? and of 
steel bolt is 34 in.? The nut is turned until there is a compressive stress of 4000 psi in 
the bronze tube. Find the stresses if the nut is given one additional turn. How many 
turns of the nut will reduce these stresses to zero? Use Ebr = 12 x 10° psi and Est = 29 


x 10° psi. 


L = 40 in. 
Figure P-250 


Solution 250 
Ps = Por 
Ast Ost = Py Orr 
= Os = 1.5 Orr 


Os = 2 Obr 


For one turn of the nut: 


Sst + Spr = = 


| cL | ( oL) 1 
—-i - | = 
EJ. | 
“б,(40) | о,(40) _ 1 
29x10? 12x10? 32 

Os + 5 Ow = 22 656.25 

20 4 Gy = 22 656.25 

Oy = 5129.72 psi 

Ost = 2(5129.72) = 10 259.43 psi 


Initial stresses: 
Orr = 4000 psi 
Gs = 2(4000) = 8000 psi 


Final stresses: 
С = 4000 + 5129.72 = 9129.72 psi 
Gs = 2(9129.72) = 18 259.4 psi 


Required number of turns to reduce Gw to zero: 
„- 912972 _ 


5129.72 


1.78 turns 


The nut must be turned back Бу 1.78 turns 


Problem 251 
The two vertical rods attached to the light rigid bar in Fig. P-251 are identical except for 


length. Before the load W was attached, the bar was horizontal and the rods were 


stress-free. Determine the load in each rod if W = 6600 Ib. 


Solution 251 
=Mpin support = 0 
АРА + 8Рв = 10(6600) 
Pa + 2Рь- 16500 > (1) 


ба = 0.552 
W = 6600 Ib IE - 0.5 e| 
х JA \ AE JB 


| 
———] Р,(4) _ 0.5P,(6) 
eed ae am 


Pa = 0.75Pzg 


From equation (1) 
0.75Рв + 2Pz = 16500 
Pz = 6000 lb 


Ра = 0.75(6000) 
P4 = 4500 Ib 


Problem 252 
The light rigid bar ABCD shown in Fig. P-252 is pinned at B and connected to two 


vertical rods. Assuming that the bar was initially horizontal and the rods stress-free, 


determine the stress in each rod after the load after the load P - 20 kips is applied. 


Steel 

L-3ft 

А = 0.5 in? 

Е = 29 х 10° psi 


«—— — 4t ———> 


Aluminum P 
L=4ft I- 2f 28 
А = 0.75 in? 
E = 10 х 10° psi 
Figure P-252 
Solution 252 
УМв= 0 


4Р, + 2Ps: = 4(20 000) 

4(с: Aq) + 204 Ags = 80 000 

4| са (0.75)] + 2|с» (0.5)] = 80 000 
36,4 + o, = 80 000 > (1) 


ӧ.. = 0.504 
(st) -о5[5®) 
А Е / st . E ^а] 


o.) _ os| DOM 


From equation (1) 
30a + = сш = 80 000 


Gal = 16 216.22 psi 
Og = 16.22 ksi 


Oss i (16.22) 
с, = 31.35 ksi 


Problem 253 
As shown in Fig. P-253, a rigid beam with negligible weight is pinned at one end and 
attached to two vertical rods. The beam was initially horizontal before the load W = 50 


kips was applied. Find the vertical movement of W. 


Вгопте 

А = 2 іп? 

E = 12 x 10° psi Steel 
А = 0.5 іп? 

Е = 29 x 10 psi 


L- 106 


TN 


nere Solution 253 
У Муш support = 0 
ЗР + 12P,, = 8(50 000) 
ЗР, + 12Р,, = 400 000 > (1) 


P,(10) ,| 5,0) 
0.5(29 x 10°) 2(12 x 10^) 
Р, = 0.725Рь 


From equation (1) 
ЗР + 12(0.725Рь) = 400 000 
Pir = 34 188.03 Ib 


5. = (= _ 34188.03(3 x12) 
" (AE br 2(12 x10?) 
Sy = 0.0513 in 


Sw 2 би 

8 3 
буу = $ ör 
бууг 2 (0.0513) 
Sw = 0.1368 in 


Check by б. 
P, = 0.725P;, = 0.725(34 188.03) 
P.: = 24 786.32 Ib 


e ics 
\ AE Js 
_ 24 786.32(10х 12) 

" 05(29х109) 
ӧз = 0.2051 in 

бу = 9, 

8 12 
буу = + Os 
&w- 4 (0.2051) = 0.1368 in ok! 


Problem 254 

As shown in Fig. P-254, a rigid bar with negligible mass is pinned at O and attached to 
two vertical rods. Assuming that the rods were initially tress-free, what maximum load P 
can be applied without exceeding stresses of 150 MPa in the steel rod and 70 MPa in the 


bronze rod. 


Figure P-254 


Bronze 

A = 300 mm? 
E = 83 GPa 
L=2m 


Solution 254 


УМо= 0 

2P = 1.5Р. + ЗР, 

2P = 15(o04 As) + 3(о„Аь) 

2P = 1.5[c« (900)] + 3|сь (300)] 
2P = 13506. + 9006; 

P = 6750s + 4506» 


Sy _ 8+ 
3 1 
бь = 254 


2-8) 
T br (E, st 
9,(2) _ Ed 
83 200 
Ob = 0.622502 


When  c,-7150 MPa 
с» = 0.6225(150) 
Съ = 93.375 MPa > 70 MPa (not ok!) 


When о» = 70 MPa 
70 = 0.622504 
с, = 112.45 MPa < 150 MPa (ok!) 


Use с,; = 112.45 MPa and с» = 70 MPa 


P = 6756, + 4506; 
P = 675(112.45) + 450(70) 
P = 107 403.75 N 

Р = 107.4 kN 


РгоЫет 255 
Shown in Fig. P-255 is a section through a balcony. The total uniform load of 600 kN is 
supported by three rods of the same area and material. Compute the load in each rod. 


Assume the floor to be rigid, but note that it does not necessarily remain horizontal. 


Figure P-255 


Solution 255 


бв = öc + à 
2 = бв-бс 
б 5, 
Pa Pe Pe е ПРЕ 2. 5, = 35, 
6 2 


бд = бс + бу = ӧс + 35 
ба = бс + З(ӧв – ӧс) 


84 = 385 – 25с 
(= -3(2) -2{ 22} 
AE), ` (AE) (AE): 
P4(5) _ 3P(6) _ 2P-(6) 
чекен ös = öc + öz AE AE AE 
Рд = 3.6Рв – 2.4Рс > (1) 
[-Fv = 0] Pa + Рв + Рс = 600 


(3.6Pg — 2.АРс) + Pg + Pc = 600 

4.6Рь-14Р--600 Э (2) 
[МА = 0] 4Рь + 6Pc = 3(600) 

Pg = 450 – 1.5P- > (3) 


Substitute Pg = 450 – 1.5Pc to (2) 
4.6(450 — 1.5P-) – 1.4Рс = 600 
8.3Pc = 1470 
Pc 7 177.11 kN 

From (3) 

Pg = 450 – 1.5(177.11) 
Pg = 184.34 kN 

From (1) 

Pa = 3.6(184.34) — 2.4(177.11) 
Pa = 238.56 kN 


Problem 256 
Three rods, each of area 250 mm2, jointly support a 7.5 kN load, as shown in Fig. P- 


256. Assuming that there was no slack or stress in the rods before the load was applied, 


find the stress in each rod. Use Ey, = 200 GPa and Е. = 83 GPa. 


2.75 m 


Figure P-256 


Solution 256 


УРу= 0 

2р, cos 25° + Pz = 7.5(1000) 

P, = 7500 - 1.8126Р,, 

Os As: = 7500 — 1.812665 Abr 

с» (250) = 7500 — 1.8126[оь, (250)] 


Sa = 30 – 1.8126 cy > (1) 


соѕ 25° = Sy. 
st 


Spr = 0.9063 ӧ., 


(т), rome] 


9,(3.03) _ 0.9063) 28229) 
83 200 


obr = 0.34145; Э (2) 


From equation (1) 
Ox = 30 – 1.8126(0.341460;,) 
с» = 18.53 MPa 


From equation (2) 
obr = 0.3414(18.53) 
Gi, = 6.33 MPa 


Problem 257 

Three bars АВ, AC, and AD are pinned together as shown in Fig. P-257. Initially, the 
assembly is stressfree. Horizontal movement of the joint at A is prevented by a short 
horizontal strut AE. Calculate the stress in each bar and the force in the strut AE when 
the assembly is used to support the load W = 10 kips. For each steel bar, A = 0.3 in.” 
and E = 29 x 10° psi. For the aluminum bar, A = 0.6 in.? and E = 10 x 10° psi. 


Figure P-257 


Solution 257 


cos 40° = 10 / Las; Гав = 13.05 # 
cos 20? = 10 / Lap; Lap = 10.64 ft 


УЕу-0 
Pag cos 40? + Pac + Pap cos 20° = 10(1000) 
0.7660P az + Pac + 0.9397Рар = 10 000 Э (1) 


Sap = cos 40° бас = 0.7660 бас 


T E = 0.7660{ ZE ) 
АЕ) AE Jac 


Pap (13.05) = 0.7660 Pac (10) 
0.3(29 x 10°) 0.6(10 x 10°) 


bc Рав = 0.8511Рас Э (2) 


бар = cos 20? ӧдс = 0.9397 бас 


ЕЗ = 0.9397 ZE | 
AE) ap AE Jac 


P4p (10.64) — P,--(10) 
ле, Й de 

0.3(29 x 10°) 0.6(10 x 10°) 

Pap = 1.2806Pac > (3) 


Substitute Paz of (2) and Pap of (3) to (1) 
0.7660(0.8511P4-) + Pac + 0.9397(1.2806P ac) = 10 000 
2.8553P 4c = 10 000 

Р АС = 3 502.23 Ib 


Pas = 0.8511(3 502.23) 2 from (2) 
Pas = 2 980.75 Ib 


Pap = 1.2806(3 502.23) > from (3) 
Pap = 4 484.96 Ib 


Stresses: 

o=P/A 

Gag = 2980.75/0.3 = 9 935.83 psi 
Gac = 3502.23/0.6 = 5 837.05 psi 
Gap = 4484.96/0.3 = 14 949.87 psi 


YXFu-0 

Par + Pap sin 20? = Paz sin 40° 

Par = 2 980.75 sin 40? — 4 484.96 sin 20° 
Par = 382.04 Ib 


Thermal Stress 


Temperature changes cause the body to expand or contract. The amount бт, is given by 


Sr = aL(T;- Т) = aL AT 


where a is the coefficient of thermal expansion in m/m?C, L is the length in meter, and 


T; and T; are the initial and final temperatures, respectively in °C. 
For steel, a = 11.25 x 105 / °C. 


If temperature deformation is permitted to occur freely, no load or stress will be 
induced in the structure. In some cases where temperature deformation is not 
permitted, an internal stress is created. The internal stress created is termed as thermal 


stress. 


For a homogeneous rod mounted between unyielding supports as shown, the thermal 


stress is computed as: 


deformation due to temperature changes; 


ór = aL AT 


deformation due to equivalent axial stress; 


where c is the thermal stress in MPa and E is the modulus of elasticity of the rod in MPa. 


If the wall yields a distance of x as shown, the following calculations will be made: 


pm 7 
Ж L 227 
— Ё- 
X Op 


g 


where c represents the thermal stress. 


Take note that as the temperature rises above the normal, the rod will be in 


compression, and if the temperature drops below the normal, the rod is in tension. 


Solved Problems in Thermal Stress 


Problem 261 
A steel rod with a cross-sectional area of 0.25 in? is stretched between two fixed points. 
The tensile load at 70°F is 1200 Ib. What will be the stress at O?F? At what temperature 


will the stress be zero? Assume a = 6.5 x 10° in / (іп:°Е) and E = 29 x 10° psi. 


Solution 261 


For the stress at 0°C: 
5 = Ör + 55 


SÀ GOAT) + DX 
E о. (AT) + АЕ 


= P 


1200 Ib с=т 
А 


с = (6.5 х 1079)(29 x 109)(70) + 2200 
0.25 


с = 17 995 psi = 18 ksi 


à For the temperature that causes zero stress: 


OT = би 
PX, 
МАТ) = — 
X( p 
(6.5 x 10°)(T – 70) = A- ШАР 
0.25(29 x 107) 


T = 95.46°C 


Problem 262 
A steel rod is stretched between two rigid walls and carries a tensile load of 5000 N at 
209C. If the allowable stress is not to exceed 130 MPa at -20?C, what is the minimum 


diameter of the rod? Assume a = 11.7 um/(m-°C) апа Е = 200 GPa. 


Solution 262 


130 = (11.7 х 1079)(200 000)(40) + 


5000 
А 


А- x = 137.36 mm? 


an 4:-137.36: d=13.22mm 


Problem 263 

Steel railroad reels 10 m long are laid with a clearance of 3 mm at a temperature of 
15°C. At what temperature will the rails just touch? What stress would be induced in the 
rails at that temperature if there were no initial clearance? Assume a = 11.7 um/(m-9?C) 


and E = 200 GPa. 


Solution 263 


Temperature at which ôr = 3 mm: 
5-3тт ôr = aL(AT) 
маны ör = aL(T;— Т) 
O ИШ 3 = (11.7 x 109)(10 000)(7;— 15) 
«|, —À 


10m by = 3mm i 40.64°C 


Required stress: 
6 = ôr 
A = aX(AT) 


c = aE(T,- Т) 
с = (11.7 x 10 5)(200 000)(40.64 — 15) 
c = 60 MPa 


Problem 264 

A steel rod 3 feet long with a cross-sectional area of 0.25 in.? is stretched between two 
fixed points. The tensile force is 1200 Ib at 40°F. Using E = 29 x 10° psi and a = 6.5 x 
10° in./(in.-°F), calculate (а) the temperature at which the stress in the bar will be 10 
ksi; and (b) the temperature at which the stress will be 


zero. 


Solution 264 


(a) Without temperature change: 
c = P/A = 1200/0.25 = 4800 psi 
с = 4.8 ksi < 10 ksi 
A drop of temperature is needed to increase the 
stress to 10 ksi. See accompanying figure. 
6 = dr + dy 


9X _ + PX 
Е ЧАП + АЕ 


1200 Ib 


Тан) с = aE(AT) + = 
A 
10 000 = (6.5 x 1079)(29 x 109(АТ) + 2200 
0.25 
АТ = 27.59°Е 
Required temperature: 


(temperature must drop from 40°F) 
T = 40 — 27.59 = 12.41°F 


(b) From the figure below: 


P = aAE(T;- Т) 
1200 = (6.5 x 1079)(0.25) (29 x 105)(T;— 40) 
T; = 65.46°F 


Problem 265 

A bronze bar 3 m long with a cross sectional area of 320 mm? is placed between two 
rigid walls as shown in Fig. P-265. At a temperature of -20°C, the gap A = 25 mm. Find 
the temperature at which the compressive stress in the bar will be 35 MPa. Use a = 


18.0 x 10° т/(т:°С) and Е = 80 GPa. 


L-3m 
Figure P-265 
= A 


Solution 265 
Sr =S+A 

L 
aL(AT) = = + 2.5 


б 
rM 


5 
— Эй aoe 
Е АТ = 70.6°С 
= ГҮ т. 


T = 70.6 — 20 
T = 50.6°C 


Problem 266 
Calculate the increase in stress for each segment of the compound bar shown in Fig. P- 
266 if the temperature increases by 100°F. Assume that the supports are unyielding 


and that the bar is suitably braced against buckling. 


Aluminum Steel 

А = 2.0 in? A=15r 
E=10x10°psi Е = 29 х 10 pä 
a = 12.8 х 106° а = 6.5 х 10 5/F 


10 іп 15 іп 


Figure P-266 


Solution 266 
бт = aL AT 


Sse) = (6.5 х 1079)(15)(100) 
Srey = 0.00975 


Sat = (12.8 x 1079)(10)(100) 
бтүа) — 0.0128 in 


10 in 15 in 


Os + ӧд = бте + бтүа) 
(Z5) + (=) = 0.00975 + 0.0128 
ХАЕ/, ХАЕ/д 
where P= P= Р. 

Р(15) _, _ P00) 
1.5(29x10°) 2(10х10°) 
P = 26 691.84 psi 


= 0.02255 


26691.84 
Os = merum = 17 794.56 psi 


91. 
Ca = — = 13 345.92 psi 


Problem 267 


At a temperature of 80?C, a steel tire 12 mm thick and 90 mm wide that is to be shrunk 


onto a locomotive driving wheel 2 m in diameter just fits over the wheel, which is at a 


temperature of 25°C. Determine the contact pressure between the tire and wheel after 


the assembly cools to 25°C. Neglect the deformation of the wheel caused by the 


pressure of the tire. Assume a = 11.7 um/(m:9?C) and E = 200 GPa. 


Solution 267 
12 mm 
2000 mm 
12 mm 
Problem 268 


б= бт 
Lo aL AT 
P-aATAE 
P = (11.7 x 10-5)(80 - 25)(90 x 12)(200 000) 
P -138 996 N 
x. 3 

Е-2Р PX 

= р 
pDL = 2P 2000 
p(2000)(90) = 2(138996) Ё 
p = 1.5444 MPa 10 € 


The rigid bar ABC in Fig. P-268 is pinned at B and attached to the two vertical rods. 


Initially, the bar is horizontal and the vertical rods are stress-free. Determine the stress 


in the aluminum rod if the temperature of the steel rod is decreased by 40°C. Neglect 


the weight of bar ABC. 


Figure P-268 


= 200 х 10° N/m? Е = 70 x 10 N/m? 


= 11.7 ит/(т.°С) a = 23 um/(m-^C) 
B 


Solution 268 


Contraction of steel rod, assuming complete freedom: 
S169 = aL AT 
= (11.7 x 10-5)(900)(40) 
= 0.4212 mm 


The steel rod cannot freely contract because of the 
resistance of aluminum rod. The movement of A 
(referred to as 54), therefore, is less than 0.4212 mm. 
In terms of aluminum, this movement is (by ratio and 
proportion): 


Src = Os - 0.5 би 


0.4212 - E - оз| ЕЕ | 
‚АЕ AE Ја 


0.4212 - —Pa(900) — -os| Pa (1200) | 
300(200000) 1200(70000) 


28080- Р. = 0.4762P; | Equation (1) 


УМв = 0 
0.6P« = 1.2Ра 
Ps = 2Pa 2 Equation (2) 


Equations (1) and (2) 
28080 - 2P4 = 0.4762P4 
Pa = 11340 М 


Р, » 11340 
Ад 1200 
Са = 9.45 МРа 


ба = 


Problem 269 

As shown in Fig. P-269, there is a gap between the aluminum bar and the rigid slab that 
is supported by two copper bars. At 10°C, A = 0.18 mm. Neglecting the mass of the 
slab, calculate the stress in each rod when the temperature in the assembly is increased 
to 95°C. For each copper bar, A= 500 mm’, E = 120 GPa, and a = 16.8 um/(m-9C). For 
the aluminum bar, A = 400 mm", Е = 70 GPa, and a = 23.1 um/(m-9?C). 


Е 
3 
S 
E 
3 
< 


27 


Figure P-269 
Solution 269 
Assuming complete freedom: 
Or = aL AT 
Src) = (16.8 x 10-5)(750)(95 - 10) 
E - 1.071 mm 
Up UU -Ж Ж: 1 Srn = (23.1 х 10-)(750 - 0.18)(95 - 10) 
Эд эмн || |. ĝis = 1.472 mm 
Final Position 
From the figure: 
бтүа) ын ба = бт(со) + бео 
1.472 - | ^ =1.071 + [РЬ 
AE Ja \AE Jo 
2Е(750-0.18 Е(750 
1472 200—018) _ оуу + ЁСОО... 
40070000) 500(120000) 
0.401 = (6.606 х 10-5) Е 
F = 6070.37 М 


Р. = F = 6070.37 N 
Ра = 2F = 12 140.74 М 


с= Р/А 
Go = ea = 12.14 MPa 
500 
12140.74 
Oa = —— —— — = 30.35 MPa 


400 


Problem 270 

A bronze sleeve is slipped over a steel bolt and held in place by a nut that is turned to 
produce an initial stress of 2000 psi in the bronze. For the steel bolt, A = 0.75 in?, E = 
29 x 10° psi, and a = 6.5 x 10° in/(in-°F). For the bronze sleeve, A = 1.5 in’, E = 12 x 
10° psi and a = 10.5 x 10° in/(in-°F). After a temperature rise of 100°F, find the final 


stress in each material. 


Solution 270 


буг ГУУ ГУУ УГГУУГУУ ГУУ. 


m 
\\ 


| 
SLLLS 


Steel Bolt 
Bronze Sleeve 


Before temperature change: 
Py = Obr Abr 
сь = 2000(1.5) 
Р, = 3000 Ib compression 


УРн = 0 
P= = Р, = 3000 Ib tension 
Os = Р,/А» = 3000/ 0.75 

= 4000 psi tensile stress 


_ 2000L 
12x 10° 
4000L 
b = ðs = =; 
29х10 


а= = 1.67 х 10-1 shortening 


= 1.38 х 10-1 lengthening 


With temperature rise of 100°F: 
(Assuming complete freedom) 
br = aL AT 
ӧт» = (10.5 x 10-°)L (100) 
= 1.05 x 109L > a 
Sree (6.5 x 10-9). (100) 
= 6.5 x 103L 
Sm - а = 1.05 x 10531. - 1.67 x 10-Ч. 
=8.83 х 103L 
бт= + b = 6.5 x 104L + 1.38 x 10-Ч. 
= 7.88 x 10-1, 
Sr, - à > Örs + b (see figure below) 


bm -a-d-7b*óp,*c 


1.05 x 10-31, - 1.67 x 104L - E 
- J br 


= 1.38 x 1041 + 6.5 x 104L + EJ 
st 
b cd 
8.83 x 104L - _б 
12х10 
= 7.88 x 10-41. + Pub 


0.75(29 x 10°) 


P, Р, 


15(12х109) 0.75(29х10°%) 
P,-2060662.5-1.2083P, -> Equation (1) 


9.5 x 105 - 


ҮЕн-0 
Por = Ps -» Equation (2) 


Equations (1) and (2) 
P, = 20 662.5 - 1.2083Р., 
P, = 9356.74 Ib 

Py, = 9356.74 Ib 


o=P/A 
9356.74 

Obr = = = 6237.83 psi compressive stress 
9356.74 

MET NE 12 475.66 psi tensile stress 


Problem 271 

A rigid bar of negligible weight is supported as shown in Fig. P-271. If W = 80 kN, 
compute the temperature change that will cause the stress in the steel rod to be 55 
MPa. Assume the coefficients of linear expansion are 11.7 um/(m:°C) for steel and 18.9 


um / (т:°С) for bronze. 


Figure P-271 and P-272 


Bronze 
1-3т 
Steel А = 1300 тт? 
L=1.5m E = 83 GPa 
А = 320 mm? 

E = 200 GPa 


Solution 271 


Stress in bronze when с.,- 55 MPa 
УМА-0 
4Р„ + P = 2.5(80000) 
4сь (1300) + 55(320) = 2.5(80000) 
Op = 35.08 MPa 


By ratio and proportion: 
бт) +, 2 Orgy) + Spy 

1 4 
Stea + Sse = 0.25[Sr G7 + Ser] 


(aL АТ). + (=) 


st 


= 029 (a АТ), + @ | 
Jor 


55(1500) 


(11.7 x 10-9)(1500) АТ + 
2000 


35.08(3000 
= 0.25) (18.9 x 10 ^)(3000) AT + Ed 


83000 


0.017 55 AT + 0.4125 = 0.014 175 AT + 0.317 
AT = -28.3 °C 


A temperature drop of 28.3 °C is needed to stress the 
steel to 55 MPa. 


Problem 272 


For the assembly in Fig. 271, find the stress in each rod if the temperature rises 30°C 


after a load W = 120 KN is applied. 


Solution 272 
УМА = 0 
4р, + P4 = 2.5(80000) 
40»(1300) + б:4320) = 2.5(80000) 
16.250, + Os = 625 
Os = 625 - 16.250» 2 Equation (1) 


Orge 9.) Orgy) + Oy 
1 4 
Sta + Sse = 0.25[ӧть»ә + ӧь] 


а = 0.25) (aL АТ), Ез 
(Ч Е / st | K E 4 br 


(aL АТ)» + 


© (1500) 
200000 


= 0.25 (18.9 x 10~)(3000)(30) E 
| 83000 


(117 x 10:9)(1500)(30) + 


0.5265 + 0.007505: = 0.425 25 + 0.00904c» 
0.00756; – 0.009046;, = -0.10125 

0.0075(625 -16.25сь»)-0.00904с» = -0.10125 
4.6875 - 0.121 8756}, - 0.009 046;, = -0.101 25 
4.788 75 = 0.130 915o» 

Gp 36.58 °С 


Gs = 625 - 16.25(36.58) 
с» = 30.58 °C 


Problem 273 
The composite bar shown in Fig. P-273 is firmly attached to unyielding supports. An 
axial force P = 50 kips is applied at 60°F. Compute the stress in each material at 120°F. 


Assume а = 6.5 х 10° in/(in-°F) for steel and 12.8 x 10°° in/(in-°F) for aluminum. 


Figure P-273 and P-274 


Aluminum Steel 
А = 21п? А = 3 іп? 
Е = 10 х 105 psi Е = 29 x 10° psi 


Solution 273 
бта) бтүа) m (aL AT)a 


R H | 
Ге R Srey = (12.8 x 10-9)(15)(120 - 60) 
шэн au бга) = 0.011 52 inch 


| 
Final Position -7 m 
tt ons 1 
R + 50,000 Отв = (aL АТ)» 
Opis = (6.5 x 10-9)(10)(120 - 60) 


бе 
Oris = 0.0039 inch 


10 in 


бт) — ӧа = би-бтєө 


0.011 52 - ЕЗ = E - 0.0039 
AE), \AE)., 
2(10 x 10°) 3(29 x 10°) 
100 224 — 6.525R = R + 50 000 - 33 930 
84 154 =7.525R 


R = 11 183.25 lbs 


Pa = R = 11 183.25 Ibs 
P4 = R + 50 000 = 61 183.25 Ibs 


P 
o = — 
A 
11 183.25 
gg = ————— 
2 
= 5 591.62 psi 
61 183.25 
Og = ——— 
3 
= 20 394.42 psi 


Problem 274 
At what temperature will the aluminum and steel segments in Prob. 273 have 


numerically equal stress? 


Solution 274 
Og = Ose 
R, _ (50000-R,) 
Ra u —— "T ЕЗ E 3 
15 in tal каш pn ЗР = 100 000 - 2Rı 
Final Position я R, = 20 000 Ibs 
= 1 
50,000-8, Ч PL 
ба dt one AE 
10 in 20000(15) | 
ба = — — —  - 0.015 inch 
2(10 x 10°) 
_ (50000 – 20000)(10) 


— 0.003 45 inch 


: 3(29 х 10°) 

би = бтүа) m би * ӧтә 

0.015 - (12.8x10-5)(15) АТ = 0.003 45  (6.5x10-5)(10) АТ 
0.011 55 = 0.000 257 АТ 

AT = 44.94°F 


A drop of 44.94°F from the standard temperature will 
make the aluminum and steel segments equal in 
stress. 


Problem 275 

A rigid horizontal bar of negligible mass is connected to two rods as shown in Fig. Р- 
275. If the system is initially stress-free. Calculate the temperature change that will 
cause a tensile stress of 90 MPa in the brass rod. Assume that both rods are subjected 


to the change in temperature. 


Brass 

L=2m 

А = 1200 mm? 
E=100 GPa 

a = 18.7 ит/(т-2С) 


Figure P-275 


2m —) 


Copper 
L-3m 

A = 1500 mm? 
E = 120 GPa 
а = 16.8 um/(m-^C) 


Solution 275 
Poe YMinge support ^ 0 
5Р,-3Р,-0 
905 Apr - Зб Ac 0 


— 2m —|  500(1200) - 3a (1500) -0 


| Gæ 120 MPa 


8-01/Е 


| ӧ = 90(2000) / 100 000 = 1.8 mm 


õe —- Öre)  Õæ = 120(3000) / 120 000 = 3 mm 


бту 7 So 2 Sir — Orgy 
3 5 
5ÓTico) — 58g = 38p - 357 ar) 
5(16.8х10-9)(3000) AT - 5(3) 
= 3(1.8) - 3(18.7x10-9)(2000) AT 
0.3642 AT = 20.4 
AT = 56.01°C drop in temperature 


Problem 276 
Four steel bars jointly support a mass of 15 Mg as shown in Fig. P-276. Each bar has a 
cross-sectional area of 600 mm2. Find the load carried by each bar after a temperature 


rise of 50°C. Assume a = 11.7 um/(m:°C) and E = 200 GPa. 


Solution 276 


W = 15 Ма 
= 147.15 kN 


Figure P-276 


h = L sin 45° 
h = L» sin 60° 


h=h 
L: sin 45° = L, sin 60° 
Li = 1.2247L> 


3, = 6 sin 45° 
52 = 5 sin 60° 
5, | õsin 45° 
5, дӧзіп 60° 
8, = 0.81658; 

P,L PL, 
aL; AT + 11 = 0.8165 С? АТ MA 

AE 5 АЕ 
(11.7 x 10-)L, (50) ----211-- 

600(200000) 


= 0.8165 rz х 10 5)L, (50) + 21001 
600(200000) 
70,200L; + PıLı = 0.8165(70,200L + P2L2) 
(70,200 + Р,)1 = 0.8165(70,200  P;)L; 
(70,200 + Рџ)1.2247№ = 0.8165(70,200 + Рм 
1.5(70,200 + Р.) = 70,200 + P; 
Р, = 1.5P, + 35,100 > Equation (1) 


XFv-0 

2(Р, sin 45°) + 2(P> sin 60°) = 147.15(1000) 
Pı sin 45? + P» sin 60° = 72,575 

P, sin 45° + (1.5P, + 35,100) sin 60° = 72,575 
0.7071P, + 1.299P, + 30,397.49 = 72,575 
2.0061P, = 42,177.51 

P, = 21,024.63 N 


Р» = 1.5(21,024.63) + 35,100 
P2 = 66,636.94 N 


Pa = Pp = Р, = 21.02 kN 
Pg = Pc = Р, = 66.64 kN 


Torsion 
Consider a bar to be rigidly attached at one end and twisted at the other end by a 
torque or twisting moment T equivalent to F x d, which is applied perpendicular to the 


axis of the bar, as shown in the figure. Such a bar is said to be in torsion. 


TORSIONAL SHEARING STRESS, т 


For a solid or hollow circular shaft subject to a twisting moment T, the torsional 


shearing stress т at a distance p from the center of the shaft is 


T Tr 
t= T and teen 7 


where J is the polar moment of inertia of the section and r is the outer radius. 


For solid cylindrical shaft: 


For hollow cylindrical shaft: 


MEME 
J 47 (0° -4) | 

_ 16TD 
"max 7 (15-49) pi 


ANGLE OF TWIST 


The angle 0 through which the bar length L will twist is 
0- IE in radians 
G 


where T is the torque in N:mm, L is the length of shaft in mm, G is shear modulus in 
MPa, J is the polar moment of inertia in mm^, D and d are diameter in mm, and r is the 


radius in mm. 


POWER TRANSMITTED BY THE SHAFT 


A shaft rotating with a constant angular velocity o (in radians per second) is being acted 


by a twisting moment T. The power transmitted by the shaft is 


P = To -2nIf 


where T is the torque in N:m, f is the number of revolutions per second, and P is the 


power in watts. 


Solved Problems in Torsion 


Problem 304 
A steel shaft 3 ft long that has a diameter of 4 in. is subjected to a torque of 15 kip-ft. 


Determine the maximum shearing stress and the angle of twist. Use G = 12 x 10° psi. 


Solution 304 
2-2 16T _ 16(15)(1000)(12) 
TE pn л(42) 
Tmax = 14 324 psi 
Tmax = 14.3 ksi 


_ TL _ 15(3)(1000)(122) 
JG  3-n(4*)(12x10°) 
6 = 0.0215 rad 
Ө = 1.23° 


РгоБЇет 305 
What is the minimum diameter of a solid steel shaft that will not twist through more 
than 3? in a 6-m length when subjected to a torque of 12 kN:m? What maximum 


shearing stress is developed? Use G = 83 GPa. 


Solution 305 

ө 11 
JG 

sal |. 12(6)(1000°) 
` (180°) 4ла 83000) 
d = 113.98 mm 
"oe 16(12)(1000?) 
ши: п(113.98°) 
Tmax = 41.27 MPa 

РгоЫет 306 


A steel marine propeller shaft 14 in. in diameter апа 18 ft long is used to transmit 5000 


hp at 189 rpm. If G = 12 х 10° psi, determine the maximum shearing stress. 


Solution 306 
I- P е 5000(396000) 
2nf 21189) 


Т = 1 667 337.5 Ib-in 


_ 16T _ 16(1667 337.5) 


nd? n(14*) 
Tmax = 3094.6 psi 


t max 


Problem 307 
A solid steel shaft 5 m long is stressed at 80 MPa when twisted through 4°. Using G = 
83 GPa, compute the shaft diameter. What power can be transmitted by the shaft at 20 


Hz? 


Solution 307 


g- IL 
JG 
“| Л | _ T(5)(1000) 
1809/ d nd*(83000) 
Т = 0.11384 
c: TET 
REN nd? 
4 
sis ss ) 
ла 
d = 138mm 
т- Р. 
21} 
0.11384 = —. 
2л(20) 


P = 14.3d* = 14.3(138?) 

P = 5 186 237 285 N-mm/ sec 
P = 5 186 237.28 W 

P = 5.19 MW 


Problem 308 
A 2-in-diameter steel shaft rotates at 240 rpm. If the shearing stress is limited to 12 


ksi, determine the maximum horsepower that can be transmitted. 


Solution 308 


_ 16T 
— ла" 
16Т 
12(1000) - 
(1000) (23) 
Т = 18 849.56 Ib.in 
т- Р 
2nf 
18 849.56 = P(396000) 
2л(240) 


P = 71.78 hp 


Problem 309 
A steel propeller shaft is to transmit 4.5 MW at 3 Hz without exceeding a shearing stress 
of 50 MPa or twisting through more than 1? in a length of 26 diameters. Compute the 


proper diameter if G = 83 GPa. 


Solution 309 


Р _ 4.5(1000000) 
2nf 2n(3) 
T = 238 732.41 N-m 


Based on maximum allowable shearing stress: 


_ 16T 
€ ii 
16(238732.41)(1000) 
50 = —————3—————- 
nd 
d = 289.71 mm 


Based on maximum allowable angle of twist: 


em 
Je 

j| 82) с ee 
| 1802 } 4 л4 (83000) 

d = 352.08 mm 


Use the bigger diameter, d = 352 mm 


Problem 310 
Show that the hollow circular shaft whose inner diameter is half the outer diameter has 


a torsional strength equal to 15/16 of that of a solid shaft of the same outside diameter. 


Solution 310 


Hollow circular shaft: 
16TD 
n(D* — d*) 

16TD 
_ 16TD 
n(42.D*) 
16°T 
1517 


Tmax-hollow — 


d=%D 


(9) 


Solid circular shaft: 
16T 


лр? 
_ 15/ 1611 | 
16| 15D? | 
15 
10 


X tmaxhollow ОК! 


Problem 311 
An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to 
gears attached to it as shown in Fig. P-311. Using G = 28 GPa, determine the relative 


angle of twist of gear D relative to gear A. 


Figure P-311 0 


Solution 311 


Problem 312 


800 N-m 1100 Мт 900 N-m 600 N-m 


Rotation of D relative to A: 
1 
Өр/д = JG 
Е 1 
2-7(50*)(28000) 
pza = 0.1106 rad 
Өр/А = 6.34? 


p/a [800(2) - 300(3) + 600(2)] (100?) 


A flexible shaft consists of a 0.20-in-diameter steel wire encased in a stationary tube 


that fits closely enough to impose a frictional torque of 0.50 Ib-in/in. Determine the 


maximum length of the shaft if the shearing stress is not to exceed 20 ksi. What will be 


the angular deformation of one end relative to the other end? G = 12 х 10° psi. 


Solution 312 


Steel Wire 


0.2" 


Stationary Tube 


16Т 
xd? 
20(1000) = —197 _ 
(0.20)? 
T = 10x Ib-in 
= T _  lOrlb.in 
0.501b.in/in  0.501b-in/in 
L = 20x in = 62.83 in 


Tmax 


If 0 = dð, T= 0.5L and L = dL 


1 20x 
| do = —[ (0.5L)dL 
ЈС: 
1 (05121551 
Ө- аы = —[0.25(20л)? – 0.25(0)°] 
Ю| 2 |, Je 
3-1(0.20*)(12 x 10°) 


6 = 0.5234 rad = 30° 


Problem 313 
Determine the maximum torque that can be applied to a hollow circular steel shaft of 
100-mm outside diameter and an 80-mm inside diameter without exceeding a shearing 


stress of 60 MPa or a twist of 0.5 deg/m. Use G - 83 GPa. 


Solution 313 
Based on maximum allowable shearing stress: 
_ . 16ID 
"CU 0005") 
_ 161(100) 
n(100* —80*) 
Т = 6 955 486.14 N-mm 
T = 6 955.5 Мт 
Based оп maximum allowable angle of twist: 
g = IL 
JG 
0.5° ( x]. T (2000) 
11809/ 4 n(100* —80*)(83000) 
T = 4198 282.97 N-mm 
T = 4 198.28 N-m 
Use the smaller torque, T = 4 198.28 N-m 
Problem 314 


The steel shaft shown in Fig. P-314 rotates at 4 Hz with 35 kW taken off at A, 20 kW 
removed at B, and 55 kW applied at C. Using G = 83 GPa, find the maximum shearing 


stress and the angle of rotation of gear A relative to gear C. 


Figure P-314 


Solution 314 


=- Р. 
2nf 
= 23901000) | (вм 
АТ олд) 70а 
Te = eee = -795.8 N-m 
2n(4) 
Tc= UD = 2188.4 N-m 
2n(4) 
Relative to C: 

1392.6 Мт 795.8 N.m 2188.4 N.m 
A 4m B 2m C 
ШШШШШШШШШҮ! | 

1392.6 N.m 
2188.4 N.m 
= 161 
ший 
E 16(1392.6)(1000) en 
n(55^) 
Tgc — Ber = 40.58 MPa 
n(65") 
Tmax = Tag = 42.63 MPa 
ө _ IL 
JG 
-15 п 
Bayc = c2. Т 
“2001 [1392.6(4) 2188.4(2) | А 
ын UAM t (659) |290 


Bayc = 0.104 796 585 rad 
Base = 6.004° 


Problem 315 


A 5-m steel shaft rotating at 2 Hz has 70 kW applied at a gear that is 2 m from the left 
end where 20 kW are removed. At the right end, 30 kW are removed and another 20 
kW leaves the shaft at 1.5 m from the right end. (a) Find the uniform shaft diameter so 
that the shearing stress will not exceed 60 MPa. (b) If a uniform shaft diameter of 100 


mm is specified, determine the angle by which one end of the shaft lags behind the 


other end. Use G = 83 GPa. 


Solution 315 


т= Р. 
2nf 
ТА-Тс- -20(1000) |. 155Nm 
2n(2) 
= 700000) _ 5570.42 Nm 
2n(2) 
Tp = 2200000) _ 538732 Nm 
2n(2) 
-20 kw +70 kW -20 kW -30 kw 
A B C D 
2m 1.5 m 1.5 m 


For AB: 60 = m) 
nd 
d = 51.3 mm 
ish nix ee 
d= 69.6 mm 
ForCD: 60= — жийн 
d = 58.7 mm 
Use d = 69.6 mm 
Part (b) 
е 1L 
JG 
1 
Өр = — \ TL 
D/A JG 
6 - 1 1-1591.55(2) 
D/A ^ —— —À4————— [- : 
ЗГ ан 009)(83000) 


+ 3978.87(1.5) + 2387.32(1.5)] (10002) 
8p, = 0.007 813 rad 
Өр/А = 0.448° 


Problem 316 

A compound shaft consisting of a steel segment and an aluminum segment is acted 
upon by two torques as shown in Fig. P-316. Determine the maximum permissible value 
of T subject to the following conditions: ts = 83 MPa, ta = 55 MPa, and the angle of 
rotation of the free end is limited to 6°. For steel, G = 83 GPa and for aluminum, G = 


28 GPa. 


Steel 2T Aluminum 
50 mm Ø * 40тт0 2 


Figure P-316 
Solution 316 
T 
900 mm ———»«— 600 mm -» 
ШЇЇ Энн 
3T 
Based on maximum shearing stress Tmax = 16T / ла: 
16(3T 
si 7 ( 3 = 83 
п(50°) 
Т = 679 042.16 N-mm 
Т = 679.04 Хаш 
16Т 
п(40°) 
Т = 691 150.38 N-mm 
Т = 691.15 N-m 
Based on maximum angle of twist: 
ө-| 25) 4 | 
WIG), JG), 
6° (x). 3T(900) " T(600) 
(1809)  +42(50*)(83000) +42(40*)(28000) 
T = 757 316.32 N-mm 
Т = 757.32 Мл 
Use T = 679.04 Маш 
Problem 317 


A hollow bronze shaft of 3 in. outer diameter and 2 in. inner diameter is slipped over a 
solid steel shaft 2 in. in diameter and of the same length as the hollow shaft. The two 
shafts are then fastened rigidly together at their ends. For bronze, G = 6 x 10° psi, and 
for steel, G = 12 x 10° psi. What torque can be applied to the composite shaft without 


exceeding a shearing stress of 8000 psi in the bronze or 12 ksi in the steel? 


Solution 317 


TL - T,L 
4-л(29)(12х109) 4 n(3*-2*)(6x10?) 
T, 


——— = r > Equation (1 
192x10? 390х10° un 


st a r 


Applied Torque = Resisting Torque 
T = Ta + To > Equation (2) 


Equation (1) with Ts: in terms of T» and Equation (2) 
_ 192x10° 

390 х 10? 

Tor = 0.6701T 


Tor + Tor 


Equation (1) with T» in terms of T: and Equation (2) 


390 х 10? 
т=т„+ NE. 
* 19x10? " 
Tx: 0.3299T 


Based on hollow bronze (Т, = 0.67011) 


„ы -|__16ТР 
™ |җ(р*%-4а*)]„ 


_ 16(0.6701T)(3) 
n(3* —-2*) 

T = 50 789.32 Ib-in 

T = 4232.44 lb-ft 


8000 


Based on steel core (T., = 0.32997): 


- E 
max zD? 9 


16(0.3299Т ) 
n(2°) 

Т = 57 137.18 Ibin 

T = 4761.43 lb-ft 


12 000 = 


Use T = 4232.44 lb-ft 


Problem 318 


A solid aluminum shaft 2 in. in diameter is subjected to two torques as shown in Fig. P- 
318. Determine the maximum shearing stress in each segment and the angle of rotation 


of the free end. Use G = 4 x 10° psi. 


200 lb-ft 
800 lb-ft 
PEN T ВВ: 
Figure P-318 
Solution 318 
200 lb-ft 800 Б.Ж 
2 ft эк — 3 ft — 
aum 
_ 16T 
== лр? 
For 2-Н segment: 
16(600)(12 
max? = TRE — 4583.66 psi 
п(2°) 
For 3-Н segment: 
16(800)(12) - : 
з= ———.— = 6111.55 psi 
max n(23) P 
Ө = IL 
JG 
-1 TL 
JG 
1 
Ө = — — — ——- [600(2) + 800(3)] (122 
1102945105) ! (2) (3)] (122) 
32 
6 = 0.0825 rad 
6 = 4.73° 
Problem 319 


The compound shaft shown in Fig. P-319 is attached to rigid supports. For the bronze 
segment AB, the diameter is 75 mm, т € 60 MPa, and G = 35 GPa. For the steel 
segment BC, the diameter is 50 mm, t < 80 MPa, and G = 83 GPa. If a= 2 m and b = 


1.5 m, compute the maximum torque T that can be applied. 


Solution 319 


T = Tw + Ts -» Equation (1) 


Ge}, " Us). 


T,(2)1000  ,(15)(1000) 
4-n(75*)(35000) -5л(509)(83000) 
Т» = 1.6011Ts 


Ta = 0.6246Т j een 


16T 
лр? 


Трах 


Based on т < 60 MPa 
_ 161, 
n(75?) 
Thr = 4 970 097.75 N-mm 
T» = 4.970 kN-m э Maximum allowable torque for bronze 


T. = 0.6246(4.970) -» From one of Equations (2) 
Ts = 3.104 kN-m 


Based on t < 80 MPa 
_ 16T, 
n(50?) 
T, = 1 963 495.41 N-mm 
Ts = 1.963 kN-m > maximum allowable torque for steel 


Tor = 1.6011(1.963) -» From Equations (2) 
Tor = 3.142 kN-m 


Use T» = 3.142 kN-m and Ts: = 1.963 kN-m 


T =3.142 + 1.963 -» From Equation (1) 
T 75.105 kN-m 


Problem 320 
In Prob. 319, determine the ratio of lengths b/a so that each material will be stressed to 


its permissible limit. What torque T is required? 


Solution 320 


From Solution 319: 
Maximum T;, = 4.970 kN-m 
Maximum Ts = 1.963 kN-m 


4.973a (10002) _ 1.963b (1000?) 
зул(75:)(35000) $ (50*)(83000) 
b/a = 1.187 


T = max T» + max Ts 


T = 4.970 + 1.963 
T = 6.933 kN-m 


Problem 321 
A torque T is applied, as shown in Fig. P-321, to a solid shaft with built-in ends. Prove 
that the resisting torques at the walls are T, = Tb/L and T» = Ta/L. How would these 


values be changed if the shaft were hollow? 


Figure P-321 


Solution 321 


YM-0 
Т=Т, + Т, -» Equation (1) 
Ө; = Ө» 
ЇЕ E E | 
J 411 М ЈС 72 
DK. n 
7 JG 
n= л Т: 
а 
4 Equations (2) 
Т = p Ti 
Equations (1) and (2) with T2 in terms of Tı: 
T=T+ ;n 
I- T,b+T,a 
b 
Т (b+a)T, 
b 
ІТ 
Т = 1 
b 
Ti - Tb/L 
Equations (1) and (2) with Ti in terms of T»: 
T- E T» + Tə 
a 
Т- T,b+T,a 
a 
Т- (b+a)T, 
a 
т Lh 
a 
Т = Тал. 


If the shaft were hollow, Equation (1) would be the 
same and the equality Ө, = 62, by direct investigation, 
would yield the same result in Equations (2). 
Therefore, the values of T; and T> are the same (по 
change) if the shaft were hollow. 


Problem 322 
A solid steel shaft is loaded as shown in Fig. P-322. Using G = 83 GPa, determine the 
required diameter of the shaft if the shearing stress is limited to 60 MPa and the angle 


of rotation at the free end is not to exceed 4 deg. 


Solution 322 


450 N-m 


Problem 323 


2.5m —L— 25m —| 1200 N-m 


Figure P-322 


Based on maximum allowable shear: 


750 N-m 1200 N-m 


For the 15 segment: 
2.5m T 2.5m 5 гун 450(2.5)(10007) 
лр? 
1200 N.m 


D = 181.39 mm 


For the 254 segment: 

_ 1200(2.5)(10007 ) 
лр? 

D = 251.54 mm 


60 


Based on maximum angle of twist: 


- Хай, 
ge 
g= IY 
G 
T | T 3 е [450(2.5) + 1200(2.5)] (10002) 
D = 51.89 mm 


Use D = 251.54 mm 


A shaft composed of segments AC, CD, and DB is fastened to rigid supports and loaded 


as shown in Fig. P-323. For bronze, G = 35 GPa; aluminum, G = 28 GPa, and for steel, 


G = 83 GPa. Determine the maximum shearing stress developed in each segment. 


Figure P-323 
Te = 300 Мт To = 700 N.m 
C Aluminum D 


A Bronze 


Solution 323 


Stress developed in each segment with respect to Та: 


Tc = 300 М-т To = 700 М-т 
C Aluminum D шин 


JT 
Ta — 1000 


Ta - 300 


Ta 


The rotation of B relative to A is zero. 
Bass =0 


D) в 


Т,(2)(10002) : (Т,-300)(2)(10002) 
4 л(255)(35000) 4 л(509)(28000) 
M 1000)(2.5)(1000?) _ 
3-1(25*)(83000) 
(25*)(35) (50*)(28) (25*)(83) 
167, | T,-300 | 20(Т,-1000) _ 
35 28 83 
32 ТАР жТА-27 + ВТА- в =0 
3 Ta = 251.678 
Ta = 342.97 N-m 
УМ =0 
Ta + Тв = 300 + 700 
342.97 + Тв = 1000 
Тв = 657.03 N-m 


T» = 342.97 N-m 
T, = 342.97 - 300 = 42.97 N-m 
Ts: = 342.97 - 1000 = -657.03 N-m = -Tz (ok!) 


- ЧӨЙ 
— nD? 
.97 

Tor = Race KON ши, -111.79 МРа 
n(25") 
9 

ы- 12970000) | 1 75 мєр, 
п(50°) 

же 16(657.03)(1000) = 214.16 MPa 


n(25?) 


Problem 324 

The compound shaft shown in Fig. P-324 is attached to rigid supports. For the bronze 
segment AB, the maximum shearing stress is limited to 8000 psi and for the steel 
segment BC, it is limited to 12 ksi. Determine the diameters of each segment so that 
each material will be simultaneously stressed to its permissible limit when a torque T = 


12 kip-ft is applied. For bronze, G = 6 x 10° psi and for steel, G = 12 x 10° 


psi. 


Bronze 


Solution 324 


For bronze: 


8000 - 16T, 


3 
TD yy 


T» = 5007 D? іп 


For steel: 


12 000 = ——= 


Ts = 7501 0,2 Ib-in 


T = 12 kip-ft 


=M=0 

Le = Ts -Т 

Т» + T4 = 12(1000)(12) 

Tor + Та = 144 000 Ib-in 

5007 D, + 7501 D,? = 144 000 


П,)-288/л-1502 э equation (1) 


Orr = Ө, 


t], “bel, 


T, (6) 3 Т..(4) 
4-лО,, (бх109) +лр,,*(12х10°) 
T, PM Т, 

J^ sp 
500л0,2 _ 750nD,,° 
pn 2 

Ds = 0.5рь 


From Equation (1) 
Dy = 288/n - 1.5 (0.5D,, )* 
1.1875 D? = 288/л 


Dy = 4.26 in. 
Ds = 0.5(4.26) = 2.13 in. 


Problem 325 


The two steel shaft shown in Fig. P-325, each with one end built into a rigid support 


have flanges rigidly attached to their free ends. The shafts are to be bolted together at 


their flanges. However, initially there is a 6° mismatch in the location of the bolt holes 


as shown in the figure. Determine the maximum shearing stress in each shaft after the 


shafts are bolted together. Use G = 12 x 10° psi and neglect deformations of the bolts 


and 


flanges. 


Solution 325 


Got 6.5’ shaft + Өоғз25 shat = 6? 


| TL | TL | f c 

— = = 6 = 

9,9, of 6.5’ shaft JG) of 3.25’ shaft \ 180°) 
T(6.5)(127) " 1(3.25)(12?2) m 


4-т(25)(12х109) 4 z(15*)02x10?) 30 
T = 817.32 lb-ft 


16T 
Tmax = = 
лр 
6(817.32)(12 
T of 6.5’ shaft 7 аа: 3 012) . 6243.86 psi 
п(2°) 
(817. 12 
T of 3.25 shaft = MASH, „, 14 800.27 psi 


(1.5?) 


Flanged Bolt Couplings 


In shaft connection called flanged bolt couplings (see figure above), the torque is 
transmitted by the shearing force P created in he bolts that is assumed to be uniformly 


distributed. For any number of bolts n, the torque capacity of the coupling is 


21 


Т=РЁп = Tn 


If a coupling has two concentric rows of bolts, the torque capacity 


is 


T = PiRim + PRm 


where the subscript 1 refer to bolts on the outer circle an 


subscript 2 refer to bolts on the inner circle. See figure. 


For rigid flanges, the shear deformations in the bolts are proportional to their radial 


distances from the shaft axis. The shearing strains are related by 


Jiu ta 
R В, 


1 2 


Using Hooke's law for shear, G = т / y, we have 


т _ т) Р,/А, _Р,/А, 
СК GR, GR, СК, 


If the bolts оп the two circles have the same area, А; = A;, and if the bolts аге made of 


the same material, С, = G;, the relation between P, and P; reduces to 


21 
В, В, 


Solved Problems in Flanged Bolt Couplings 


Problem 326 
A flanged bolt coupling consists of ten 20-mmdiameter bolts spaced evenly around a 
bolt circle 400 mm in diameter. Determine the torque capacity of the coupling if the 


allowable shearing stress in the bolts is 40 MPa. 


Solution 326 
T = PRn = AtRn = і пФ 18п 
= + п(202)(40)(200)(10) 
T = 8 000 0001 N-mm 
Т = Зл kN-m = 25.13 kN-m 
РгоЫет 327 


A flanged bolt coupling consists of ten steel 1 -in.-diameter bolts spaced evenly around 
a bolt circle 14 in. in diameter. Determine the torque capacity of the coupling if the 


allowable shearing stress in the bolts is 6000 psi. 


Solution 327 

T = РВп =AtRn= 1 пФлЕп 

Т = E л(55) (6000)(7)(10) 

T = 262507 Ib-in 

T = 2187.5n lb-ft = 6872.23 lb-ft 
Problem 328 


A flanged bolt coupling consists of eight 10-mmdiameter steel 
bolts on a bolt circle 400 mm in diameter, and six 10-mm- 


diameter steel bolts on a concentric bolt circle 300 mm in 


diameter, as shown in Fig. 3-7. What torque can be applied Figure 3-7 


without exceeding a shearing stress of 60 MPa in the bolts? 


Solution 328 


Problem 329 


For one bolt in the outer circle: 
10? 
f eA I (60) 
Pı = 15001 N 


For one bolt in the inner circle: 
BOB 
R КЕ, 
15007 _ Р, 
200 150 
Р = 11251 N 


Т=Р,Вп + P2R2n2 

T = 1500x(200)(8) + 1125n(150)(6) 
T = 3 412 5001 N-mm 

Т = 3.41252 kN-m = 10.72 kN-m 


A torque of 700 1р- is to be carried by a flanged bolt coupling that consists of eight 12 - 


in.-diameter steel bolts on a circle of diameter 12 in. and six 12 -in.-diameter steel bolts 


on a circle of diameter 9 in. Determine the shearing stress in the bolts. 


Solution 329 


Р, ЕР Р, 
в R, 
Ат 2 Ат, 
6 45 
t» = 0.7514, 


T = PiRim + PoR2n2 

700(12) = + л(55) 1, (6)(8) + + л(55) тэ (4.5) (6) 
8400 = 3лту + 1.68752(0.757,) 

8400 = 13.41; 

т = 626.87 psi э bolts in the outer circle 

t2 = 0.75(626.87) = 470.15 psi > bolts in the inner circle 


Problem 330 
Determine the number of 10-mm-diameter steel bolts that must be used on the 400- 


mm bolt circle of the coupling described in Prob. 328 to increase the torque capacity to 


14 kN:m 

Solution 330 
T= PR + Р.Е-п» 
14(10002) = 15001(200)n; + 1125x(150)(6) 
nı = 11.48 say 12 bolts 

Problem 331 


A flanged bolt coupling consists of six 1 -in. steel bolts evenly spaced around a bolt 
circle 12 in. in diameter, and four 34 -in. aluminum bolts on a concentric bolt circle 8 in. 
in diameter. What torque can be applied without exceeding 9000 psi in the steel or 


6000 psi in the aluminum? Assume Gy = 12 x 10° psi and Ga = 4 x 10 psi. 


Solution 331 
T = (РВп).. + (PRn)a 
T = (A1Rn)s + (АтЕп)и 
T = 4л(52Рта(6)(6) + 4 n4)? va(4)(4) 


Т = 2.25жт„ + 2.Э25лтд 
Т = 2.25n(ts + та) -» Equation (1) 


(12x10°)(6) (4х10°)(4) 


Ty: = = Tal -» Equation (2a) 
Tal = E Tst > Equation (2b) 
Equations (1) and (2a) 


T = 225n(5 Ta + Ta) = 12.375114 


Т = 12.375n(6000) = 74 2507 Ibin 
T = 233.26 kip-in 


Equations (1) and (2b) 
Т = 2.250(tse+ $ Ts) = 2.75лть 
T -2.25л(9000) = 24 750r Ib-in 
T = 77.75 kip-in 


Use T = 77.75 kip-in 


Problem 332 
In a rivet group subjected to a twisting couple T, show that the torsion formula t = Tp/J 
can be used to find the shearing stress t at the center of any rivet. Let J = XAp?, where 


A is the area of a rivet at the radial distance p from the centroid of the rivet group. 


Solution 332 
The shearing stress on each rivet is P/A 
т= Tp/] 
Where: T=PRn 
p=R 
J = Ар? = AR*n 
Е PRn(R) 
AR^n 
P 
t7 — (ok!) 
A 
This shows that т = Tp/J can be used to find the 
shearing stress at the center of any rivet. 
Problem 333 


A plate is fastened to a fixed member by four 20-mm diameter rivets arranged as 


shown in Fig. P-333. Compute the maximum and minimum shearing stress developed. 


Solution 333 


Where: 
T = 14(1000)(120) = 1 680 000 N-mm 


J = УАр* = i (x)(20) [2(40") + 2(120°)] 
= 3 200 000x mm* 


Maximum shearing stress (р = 120 mm): 
_ 1.680 000(120) 
“3 200 0007 


Tmax = 20.05 MPa 


Minimum shearing stress (p = 40 mm): 
. _ 1680 000(40) 
З 200 0007 


Tmin = 6.68 MPa 


Problem 334 


Six 7/8-in-diameter rivets fasten the plate in Fig. P-334 to the fixed member. Using the 


results of Prob. 332, determine the average shearing stress caused in each rivet by the 


14 kip loads. What additional loads P can be applied before the shearing stress in any 


rivet exceeds 8000 psi? 


Figure P-334 P 


Solution 334 


Without the loads P: 
_ Тр 


т=— 


J 


Where: Т = 14(10) = 140 kip.in 
p= Аз іп 
J = Ар? = 1 (ппу) 1 4603) +202)? 1 
7 = 36.08 in 
_ 140(413) 
36.08 
= 14.0 ksi 


Tmaximum 


_ 1402) 
36.08 
- 776 ksi 


Таны 


With the loads P, two cases will arise: 
1* case (P « 14 kips) 
T = 10(14) - 6P = (140 - 6P) kip-in 


т = Tp 
7 
цаас —6P)(1000)(413) 
36.08 
80.05 = 140 - 6P 
P = 10.0 kips 


214 case (Р > 14 kips) 
T = 6P - 10(14) = (6P - 140) kip-in 
=2Е 
] 
оо = (6P - 140)(1000)(4/13) 
36.08 
80.05 = 6P - 140 
Р = 36.68 kips 


T 


80 


Problem 335 
The plate shown in Fig. P-335 is fastened to the fixed member by five 10-mm-diameter 
rivets. Compute the value of the loads P so that the average shearing stress in any rivet 


does not exceed 70 MPa. (Hint: Use the results of Prob. 332.) 


Figure P-335 


Solution 335 
Solving for location of centroid of rivets: 
A Xc = Yax 
Where A= 2 (80 160)(80) 
= 9600 mm? 
а, = а; = а; = + (80)(80) = 3200 тт? 


x, = ху = 4 (80) = 80/3 mm 

Ху 2 (80) = 160/3 mm 
9600Хс = 3200(80/3) + 3200(160/3) + 3200(80/3) 
Xc = 320/9 mm 


n= Jez /9y +802 = 87.54 mm 
n= fso -320 /9)? +407 = 59.79 mm 


] = УАр2- in(102) Qr? + 2r? + Xc?) 
] = {т(102)[2(87.54)? + 2(59.79)? + (320/9)] 


J = 1864 565.79 mm? 
T = (120 + 100)P = 220P 


The critical rivets are at distance rı from centroid: 
Tp 


т = — 


Ј 
_ 220P(87.54) 
1 864 565.79 
Р = 6777.14 № 


Torsion of Thin-Walled Tubes 


The torque applied to thin-walled tubes is expressed as 


Center Line Wall 


where T is the torque in N-mm, A is the area enclosed by the centerline of the tube (as 


shown in the stripefilled portion) in mm?, and q is the shear flow in N/mm. 


The average shearing stress across any thickness t is 


Thus, torque T ca also be expressed as 


T = 2АК. 


Solved Problems in Torsion of Thin-Walled Tubes 


Problem 337 
A torque of 600 N:m is applied to the rectangular section shown in Fig. P-337. 
Determine the wall thickness t so as not to exceed a shear stress of 80 MPa. What is the 


shear stress in the short sides? Neglect stress concentration at the corners. 


Solution 337 


Т-2АН 
Where: Т = 600 N-m = 600 000 N.mm 
^ 30(80) 2400 тт? 


= 50 МГы 
600 000 — »(2400)(£ (80) 
t= 1.5625 mm 


At any convenient center O within the section, the 
farthest side is the shortest side, thus, it is induced 
with the maximum allowable shear stress of 80 MPa. 


Problem 338 
A tube 0.10 in. thick has an elliptical shape shown in Fig. 3 in. 


P-338. What torque will cause a shearing stress of 8000 


psi? 6 in. 
Figure P-338 
Solution 338 
T =2Att 
Where: А = nab = n(3)(1.5) = 4.51 in? 
T = 0.10 in 
т = 8000 psi 


Т = 2(4.51)(0.10)(8000) 
Т = 22619.47 Ib.in 
T = 22.62 kip-in 


Problem 339 
A torque of 450 16: is applied to the square section shown in Fig. 


t = 0.10 in. 


P-339. Determine the smallest permissible dimension a if the 


shearing stress is limited to 6000 psi. 


Solution 339 k— a ША 


Figure P-339 


Т=2АК 
Where: Т = 450 lb-ft 
T = 450(12) Ib-in 
А-а 
т = 6000 psi 
450(12) = 2a7(0.10)(6000) 


a=2.12in 


Problem 340 
A tube 2 mm thick has the shape shown in Fig. P-340. Find 


the shearing stress caused by a torque of 600 N:m. 


Solution 340 - 80 mm —» 
Figure P-340 
Т-2АН 
Where: А = n(10?) + 80(20) = 1914.16 mm? 
t=2mm 


T = 600 N-m = 600 000 N.mm 
600 000 = 2(1914.16)(2)т 
т = 78.36 MPa 


РгоБЇет 341 
Derive the torsion formula « — Tp/J for a solid circular section by assuming the section is 
composed of a series of concentric thin circular tubes. Assume that the shearing stress 


at any point is proportional to its radial distance. 


Solution 341 
T =2Att 
Where: T=dT; А = пр2; t=dp 
t ын T mar тлар Tax? 
p d vs r 
==; ар | ; : 
27) t LE 
cy .„] 
Tz ues |! 3 do 
r 0 
T= EC | > | 
r 4 0 
T= 2 А Ln 
r (4) 
Т- Tomas | nr* | 
x d 
T= Тэ.) 
т 
Тт 
Tmax 7 cis and it follows that t = Tp 


— 


Helical Springs 


When close-coiled helical spring, composed of a wire of round rod of diameter d wound 
into a helix of mean radius R with n number of turns, is subjected to an axial load P 


produces the following stresses and elongation: 


277 


The maximum shearing stress is the sum of the direct shearing stress т, = P/A and the 


torsional shearing stress т› = Tr/J, with T = PR. 


P 16(РВ) 
т=тү+т)= —,— + — 
nd /4 nd" 
~ 16PR(,. d) 
ла” 48) 


This formula neglects the curvature of the spring. This is used for light spring where the 


ratio d/4R is small. 


For heavy springs and considering the curvature of the spring, a more precise formula is 


given by: (A.M.Wahl Formula) 


[LIB 4m-—1 , 0.615 | 


nd? |4т- т 


where m is called the spring index and (4m - 1) / (4m - 4) is the Wahl Factor. 


The elongation of the bar is 


64PR?n 
са? 


ô= 


Notice that the deformation ô is directly proportional to the applied load P. The ratio of P 


to 6 15 called the spring constant k and is equal to 


SPRINGS IN SERIES 


For two or more springs with spring laid in series, the resulting spring constant k is 


given by 


1/k-71/k +1/0 +... 


where kı, К,... аге the spring constants for different springs. 


SPRINGS IN PARALLEL 


К= + 0+... 


Solved Problems іп Helical Springs 

Problem 343 

Determine the maximum shearing stress and elongation in a helical steel spring 
composed of 20 turns of 20-mm-diameter wire on a mean radius of 90 mm when the 


spring is supporting a load of 1.5 kN. Use Eq. (3-10) and G = 83 GPa. 


Solution 343 


max 


а 16PR(4m-1 0.615 | 
nd? |4т-4 m ) 

Where P = 1.5 kN = 1500 N; R = 90 mm 

d = 20 mm; n = 20 tums 

m = 2R/d = 2(90)/20 = 9 


> Equation (3-10) 


л(209) |4(9)-4 9 
Tmax = 99.87 MPa 


max 


_ 16(1500)(90)| 4(9)-1 d un 


64PR?n | 64(1500)(90?)(20) 


Gd* 83 000(20*) 


б = 105.4 mm 


б 


Problem 344 
Determine the maximum shearing stress and elongation in a bronze helical spring 
composed of 20 turns of 1.0-in.-diameter wire on a mean radius of 4 in. when the 


spring is supporting a load of 500 Ib. Use Eq. (3-10) and G = 6 x 10° psi. 


Solution 344 


— 16PR(4m-1 0.615 | 
oa nd? |4т-4 m j 
Where P = 500 lb; R= 4 іп 
а= 1іп; n=20turns 
m = 26/4 = 2(4)/1 = 8 


Э Equation (3-10) 


 _ 16(500)(4)| 4(8)-1 0.615 
n(1) |48)-4 8 
Tmax = 12 060.3 psi = 12.1 ksi 


_ 64PR^n _ 64(500)(4°)(20) 
Gd? (6x 10°)(1*) 


Problem 345 
A helical spring is fabricated by wrapping wire % in. in diameter around a forming 
cylinder 8 in. in diameter. Compute the number of turns required to permit an 


elongation of 4 in. without exceeding a shearing stress of 18 ksi. Use Eq. (3-9) and G = 


12 x 106 psi. 
Solution 345 
16PR( d | : 
Tmax = 1: > Equation (3-9 
wo m | 48 | Ч EM 
18000 = 102423: 3/4. 


x(3/4Y| 4(4) | 
P = 356.07 Ib 


64PR^n 

Gd* 
64(356.07)(4?)n 
(12 x 10°)(3 / 4)* 
n 7 13.88 say 14 turns 


6-7 


Problem 346 
Compute the maximum shearing stress developed in a phosphor bronze spring having 
mean diameter of 200 mm and consisting of 24 turns of 200-mm-diameter wire when 


the spring is stretched 100 mm. Use Eq. (3-10) and G = 42 GPa. 


Solution 346 


Where 5 = 100 mm; R = 100 mm 
d = 20 mm; n = 24 tums 
G = 42 000 MPa 


_ баР(1007)24 
42 000(20*) 
Р-4375М 


_ 16PR | 4т-1 0.615 | 
nd? |4m-4 т) 


Where m = 2R/d 
= 2(100)/20 = 10 


_ 16(437.5)(100)| 2(10)-1 0.615 | 
n(20*) 2(10)-4 10 
Tmax = 34.79 MPa 


> Equation (3-10) 


Tmax 


Tmax 


Problem 347 

Two steel springs arranged in series as shown in Fig. P-347 supports a load P. The 
upper spring has 12 turns of 25-mm-diameter wire on a mean radius of 100 mm. The 
lower spring consists of 10 turns of 20-mmdiameter wire on a mean radius of 75 mm. If 
the maximum shearing stress in either spring must not exceed 200 MPa, compute the 
maximum value of P and the total elongation of the assembly. Use Eq. (3-10) and G = 
83 GPa. Compute the equivalent spring constant by dividing the load by the total 


elongation. 


Solution 347 


— E 4m-1 5 um > E án 
= ad? (4т-4 m, 
For Spring (1) 
Spring (1) 200 - таро) 4(8)-1 л 0.615 
n = 12 turns n(25") | 4(8)-4 8 
d = 25mm - 
Fe рш T P = 5182.29 N 
m = 2(100)/25 = 8 12 
Spring (2) 8 S = For Spring (2) 
n = 10 tums 958 _ 16Р(75)| 4(7.5)-1 0.615 
NE ads R n(203))|4(725)-4 75 
Use P = 3498.28 N 
Total elongation: 
ô = ð + 0 
ш | 64PR*n\ (64PR?n | 
m gp n 
Gd | Gd Ч 


64(3498.28)(100?)12 64(3498.28)(75:)(10) 
83 000(25*) 83 000(20*) 
8 = 153.99 mm 


Equivalent spring constant, Kequivaient: 
А р _ 3498.28 


equi 


o 153.99 
Kequivalent = 22.72 N/mm 


Problem 348 
A rigid bar, pinned at O, is supported by two identical springs as shown in Fig. P-348. 
Each spring consists of 20 turns of 34-in-diameter wire having a mean diameter of 6 in. 


Determine the maximum load W that may be supported if the shearing stress in the 


springs is limited to 20 ksi. Use Eq. (3-9). 


Solution 348 


—3-|1*-— | Э Equation (3-9) 
ла \ 

20000 = 1890) |, 3/2 

P = 519.75 Ib 


For this problem, the critical spring is the one 
subjected to tension. Use P» = 519.75 Ib. 


Р: Р, = 519.75 Ib 


2ft 4f 38 


= 


7W = 2Р, + 4P; 
7W = 2(259.875) + 4(519.75) 
W = 371.25 Ib 


Problem 349 

A rigid bar, hinged at one end, is supported by two identical springs as shown in Fig. P- 
349. Each spring consists of 20 turns of 10-mm wire having a mean diameter of 150 
mm. Compute the maximum shearing stress in the springs, using Eq. (3-9). Neglect the 


mass of the rigid bar. 


Figure P-349 


Solution 349 


W = 10(9.81) = 98.1 N 


9, 5, 
216 
d= i& 
64P,R°n _ | M 
ci^ 3| ог 
Pi= iP 


Z Mat ringed support = 0 
2Р, + 6P> = 4(98.1) 


2(4 P2) + 6P2 = 4(98.1) 
P2 = 58.86 N 
P, = 4 (58.86) = 19.62 N 


max = E XE 23 Э Equation (3-9) 
For spring at left: 
16(19.62)(75) 10 
mi am ЭГ 
п(10°) 4(75) 
Tmax] = 7.744 MPa 
For spring at right: 
_ 16(58.86)(75) d: 10 
п(10°) 475) 


Tmax? = 23.232 MPa 


Problem 350 


As shown in Fig. P-350, a homogeneous 50-kg rigid block is suspended by the three 


springs whose lower ends were originally at the same level. Each steel spring has 24 


turns of 10-mm-diameter on a mean diameter of 100 mm, and G = 83 GPa. The bronze 


spring has 48 turns of 20-mm-diameter wire on a mean diameter of 150 mm, and G = 


42 GPa. Compute the maximum shearing stress in each spring using Eq. (3-9). 


Figure P-350 


Solution 350 


i i 
i i i 
|  W=50(9.81)=490.5N ! 
! A ! 
i i 


УЕу-0 
Pı + Р, + P; = 490.5 > Equation (1) 
УМ:-0 

P2(1) + P3(3) = 490.5(1.5) 


P2 + 3P3 = 735.75 > Equation (2) 


64P,(50°)(24) _ 1| 64P,(75*)(48) | 
83000(105) 3| 42000(20*) | 


, 2] 62Р,(503)(20) 
3| 83000(10*) 


wo P2= mw Рз + ais Pi 


15 P2= тәу Рз+ Pi Э Equation (3) 


From Equation (1) 
P, = 490.5 - P2 - Рз 


Substitute P; to Equation (3) 
5 Р: = qu Рз + анаа 


сод diei. кеч 45 Р:- &P3 
15 Р:= 8 - 15-Р 2 Equation (4) 
From Equation (2) 
Р, = 735.75 -3P, = 4238 -3P, 


Substitute P» to Ронни (4) 
tes (248 - ЗРз) = m - tiene Ps 


(Ss - Bps= 8 - эр 

Р; = 195.01 N 

Р, = 735.75 - 3(195.01) = 150.72 М 

Pı = 490.5 – 150.72 - 195.01 = 144.77 М 


16PR(, d` i 
— E | ы ax] 2 Equation (3-9) 
For steel at left: 
cman = 16014470S, 10] _ залоо мра 
(10°) 4(50) 
For steel at right: 
шыл - 1601507260), , 10] S 
(10°) 4(50) 
For phosphor bronze: 
= 16(195:.01)05) 1, 20 | _ 9.932 MPa 
л(20°) 4(75) 


Shear & Moment in Beams 


DEFINITION OF A BEAM 


A beam is a bar subject to forces or couples that lie in a plane containing the 
longitudinal of the bar. According to determinacy, a beam may be determinate or 


indeterminate. 


STATICALLY DETERMINATE BEAMS 


Statically determinate beams are those beams in which the reactions of the supports 
may be determined by the use of the equations of static equilibrium. The beams shown 


below are examples of statically determinate beams. 


Simple Beam 


w (N/m) р 


Overhanging Beam 


STATICALLY INDETERMINATE BEAMS 


If the number of reactions exerted upon a beam exceeds the number of equations in 
static equilibrium, the beam is said to be statically indeterminate. In order to solve the 
reactions of the beam, the static equations must be supplemented by equations based 


upon the elastic deformations of the beam. 


The degree of indeterminacy is taken as the difference between the umber of reactions 
to the number of equations in static equilibrium that can be applied. In the case of the 
propped beam shown, there are three reactions В;, R2, and M and only two equations 
(ÈM = 0 and sum;F, = 0) can be applied, thus the beam is indeterminate to the first 


degree (3 - 2 = 1). 


Fixed or Restrained Beam 


2 
м, (N/m) «s 0018) | 


Continuous Beam 


TYPES OF LOADING 


Loads applied to the beam may consist of a concentrated load (load applied at a point), 


uniform load, uniformly varying load, or an applied couple or moment. These loads are 


shown in the following figures. 


Р, Р: 


Concentrated Loads Uniform Load 


w (N/m) 


Uniformly Varying Load Applied Couple 


Shear and Moment Diagrams 
Consider a simple beam shown of length L that 
carries a uniform load of w (N/m) throughout its 
length and is held in equilibrium by reactions В; 
and R;. Assume that the beam is cut at point C a 
distance of x from he left support and the portion of 
the beam to the right of C be removed. The portion 
removed must then be replaced by vertical 


shearing force V together with a couple M to hold 


the left portion of the bar in equilibrium under the 
action of В; and wx. The couple M is called the resisting moment or moment and the 
force V is called the resisting shear or shear. The sign of V and M are taken to be 


positive if they have the senses indicated above. 


Solved Problems in Shear and Moment Diagrams 


INSTRUCTION 
Write shear and moment equations for the beams in the following problems. In each 
problem, let x be the distance measured from left end of the beam. Also, draw shear 


and moment diagrams, specifying values at all change of loading positions and at points 


of zero shear. Neglect the mass of the beam in each problem. 


Problem 403 


Beam loaded as shown in Fig. P-403. 


30 kN S0 kN 


im 3m 2m 


Figure P-403 


Solution 403 


EC 
Б у] 


im 3m 
Ra = 56 kN 
| 30 kN 
B 
Load 
Diagram 
: 1т 
! Rg =56kN 
ЭШ 
Shear i 
Diagram 
Moment 
Diagram 


-30 kN-m 


From the load diagram: 
УМв= 0 

5Rp + 1(30) = 3(50) 

Rp = 24 kN 


УМр-0 
5Ёв = 2(50) + 6(30) 
Re = 56 КЧ 


Segment АВ: 
Vaz = -30 kN 
Mag 7 -30x kN-m 


Segment BC: 

Vec = -30 + 56 
= 26 kN 

Mec = -30x + 56(x - 1) 
= 26x - 56 kN-m 


Segment CD: 


--24 kN 


Ra = 56 kN 


Vcp = -30 + 56 - 50 


Mep = -30x + 56(x - 1) – 50(x - 4) 
= -30x + 56x - 56 - 50x + 200 


= -24x + 144 
50 kN To draw the Shear Diagram: 
C D (1) In segment AB, the shear is 
uniformly distributed over the 


segment at a magnitude of —30 
kN 


(2) In segment BC, the shear is 


(2) 


(3) 


uniformly distributed at a 
magnitude of 26 kN. 


(3) In segment CD, the shear is 


uniformly distributed at a 
magnitude of -24 kN. 


To draw the Moment Diagram: 
(1) The equation М, = —30x is 


linear, at x = 0, Mas = 0 and at 
x = 1m, Mas = —30 kN-m. 

Mac = 26x — 56 is also linear. 
At x = 1 m, Mg = —30 kN-m; at 
x = 4 m, Мес = 48 КМ-т. When 
Mac = 0, x = 2.154 m, thus the 
moment is zero at 1.154 m 
from B. 

Meg = -24х + 144 is again 
linear. At x = 4 m, Mep = 48 
kN-m; at x = 6 m, Мо = 0. 


Problem 404 


Beam loaded as shown in Fig. P-404. 


2000 Ib 


T 
3ft 6 ft 3 ft 
Ra 


Ro 
Figure P-404 
Solution 404 
УМА = 0 =Mp = 0 
12Rp + 4800 = 3(2000) 12R4 = 9(2000) + 4800 
Rp = 100 Ib Ra = 1900 Ib 
Segment AB: А 
Vaz = 1900 Ib x 
Mas = 1900x Ib-ft Ra = 1900 Ib 
Segment BC: 
Увс = 1900 - 2000 
= -100 Ib 
Mac = 1900x - 2000(x - 3) 
= 1900x - 2000x + 6000 Ry = 1900 Ib 
= -100x + 6000 " 
Segment CD: 
Vep = 1900 - 2000 
= -100 Ib 


Shear 
Diagram 


Moment 
Diagram 


Me = 1900x - 2000(x - 3) – 4800 
= 1900x - 2000x + 6000-4800 
= -100x + 1200 


To draw the Shear Diagram: 

(1) At segment AB, the shear is 
uniformly distributed at 1900 Ib. 

(2) A shear of –100 lb is uniformly 
distributed over segments BC 
and CD. 


To draw the Moment Diagram: 

(1) Mag = 1900x is linear; at x = 0, 
Mas = 0; at x = 3 ft, Mae = 5700 
lb-ft. 

(2) For segment BC, Mec = –100х + 
6000 is linear; at x = 3 ft, Mic = 
5700 lb-ft; at x = 9 ft, Mee = 
5100 lb-ft. 

(3) Mep = -100x + 1200 is again 
linear; at x = 9 ft, Men = 300 
lb-ft; at x = 12 ft, Mcp = 0. 


Problem 405 


Beam loaded as shown in Fig. P-405. 


Ry = 114 kN Re = 66 kN (2) 


oe eee 


80 kN 


Figure P-405 
Solution 405 
Ma = 0 УМс-0 
10Rc = 2(80) + 5[10(10)] 10R4 = 8(80) + 5[10(10)] 
= 66 КМ ВА = 114 КЧ 
10 kN/m ке А 
А Segment AB: 
х Vag = 114 - 10x kN 
Ra = 114 kN Mag 7 114x - 10x(x/2) 
= 114x - 5x? kN-m — 
Segment BC: 2m 
Vec = 114 - 80 - 10x | 1 B 10kN/m 
= 34 - 10x kN 4 
Mic = 114x - 80(x - 2) - 10x(x/2) 
= 160 + 34x – 5x? x ——À 
80 kN Ry = 114 kN 
| 10 КМ/т 
То draw the Shear Diagram: 
A Load (1) For segment АВ, V, = 114 — 10x 
C 4 Diagram is linear; at x = 0, Vas = 14 kN; at 


x = 2 m, Vag = 94 kN. 

Vac — 34 — 10x for segment BC is 
linear; at x = 2 m, Vec = 14 kN; at 
x = 10 m, Vec = —66 kN. When Vac 
= 0, x = 3.4 m thus Vg = 0 at 1.4 
m from B. 


To draw the Moment Diagram: 
(1) М = 114 - 5x? is a second 


"T — degree curve for segment AB; at x 
Diagram = 0, М = 0; at x = 2 т, Mas = 
208 kN-m. 


(2) The moment diagram is also a 
second degree curve for segment 
BC given by Mec = 160 + 34x - 
5x5, at x = 2 m, Мс = 208 kN-m; 
at x = 10 m, Mg = 0. 
Moment | (3) Note that the maximum moment 
occurs at point of zero shear. 
Thus, at x = 3.4 m, My = 217.8 
kN-m. 


Problem 406 


Beam loaded as shown in Fig. Р-406. 


Figure P-406 


Solution 406 
УМА = 0 
12R. = 4(900) + 18(400) + 9[(60)(18)] 
Rc = 1710 Ib 


УМс-0 
12Ra + 6(400) = 8(900) + 3[60(18)] 
Ra = 670 lb 


Segment AB: 60 lb/ft 
Vaz = 670 - 60x Ib 
Mag = 670x - 60x(x/2) 
= 670x - 30x? Ib-ft 4 
900 Ib Ra = 670 Ib 


ia 38: >| 60 Ib/ft Segment BC: 
Vec = 670 - 900 - 60x 
8 - -230 - 60x Ib 
х —j Mac = 670x - 900(x - 4) - 60x(x/2) 
Ra = 670 Ib = 3600 - 230x - 30x? Ib-ft 


3 Segment CD: 
| 900 Ib | Vcp = 670 + 1710 - 900 - 60x 
| 60 Ib/ft = 1480 - 60x Ib 
Men = 670x + 1710(x - 12) 


B C - 900(x - 4) - 60x(x/2) 
ЗА "um 8 ft = -16920 + 1480x - 303? Ib-ft 
Ra = 670 Ib Re = 1710 Ib 


900 Ib 400 Ib To draw the Shear Diagram: 
60 Ib/ft 


(1) Vas = 670 — 60x for segment AB is 
linear; at x = 0, Vas= 670 Ib; at x 
= 4 ft, Vaa = 430 Ib. 

(2) For segment BC, Vac = —230 — 60x 
also linear; at x= 4 ft, Vee = — 
470 |b, at x = 12 ft, Vec = —950 Ib. 


Ra = 670 Ib | Re = 1710 lb ! (3) Vep = 1480 — 60x for segment CD 

! ! i ! is again linear; at x = 12, Væ = 

670 Ib i 760 Ib i 760 Ib; at x = 18 ft, Vep = 400 Ib. 
4 


400 Ib : 
To draw the Moment Diagram: 


Shear (1) Mas = 670x — 30x? for segment AB 


Diagram is a second degree curve; at x = 
0, Mas = 0; at x = 4 ft, Mas = 2200 
lb-ft. 


(2) For BC, Mec = 3600 — 230x — 30x’, 
is a second degree curve; at x = 4 
ft, Мс = 2200 lb-ft, at x = 12 ft, 
Mec = —3480 lb-ft; When Mac = 0, 
3600 – 230x – 30x* = 0, x = - 
15.439 ft and 7.772 ft. Take x = 
7.772 ft, thus, the moment is zero 

ent at 3.772 ft from B. 

(3) For segment CD, Мер = -16920 + 
1480x — 30x is a second degree 
curve; at x = 12 ft, Men = —3480 
Ib.ft; at x = 18 ft, Мо = 0. 


-------------@ 
= 


Problem 407 


Beam loaded as shown in Fig. P-407. 


Figure P-407 30 kN/m 
A D 
B C 
3m --ЭВ- 2m She m 
Ro 
Solution 407 
УМА-0 =Mp = 0 
6Rp = 4[2(30)] 6Ra = 2[2(30)] 
Rp = 40 kN Ra=20kN 
Segment AB: A 
Vag =20kN 
Mag = 20x kN-m x 


Ra — 20 kN 


Segment BC: 


30 kN/m 
ўга B Vac = 20 - 30(x - 3) 
A = 110 - 30x kN 


30 kN/m 


A 2 Load 


B C Diagram 
3m --Эв- 2m im 


Shear 
Diagram 


9. 


во кчт! 66.67 kN. m 


Moment 
Diagram 


Problem 408 


Beam loaded as shown in Fig. P-408. 


50 kN/m 
A 
B C 
2m —— 2m 
Figure P-408 
Solution 408 
УМА= 0 


6Кр = 1[2(50)] + 5[2(20)] 


Rp = 50 КМ 


Mec = 20x - 30(x - 3)(х - 3)/2 
= 20x - 15(x - 3? 


Segment CD: 

B V = 20 - 30(2) 
=-40 kN 

Мор = 20x - 30(2)(x - 4) 
= 20x - 60(x - 4) 


To draw the Shear Diagram: 

(1) For segment AB, the shear is 
uniformly distributed at 20 kN. 

(2) Vg = 110 — 30x for segment BC; 
at x = 3 m, Vec = 20 kN; atx = 5 
m, Vac = —40 kN. For Vac = 0, x = 
3.67 m or 0.67 m from B. 

(3) The shear for segment CD is 
uniformly distributed at —40 kN. 


To draw the Moment Diagram: 

(1) For AB, М = 20x; at x = 0, Mas = 
0; at x = 3 m, Mag = 60 KN-m. 

(2) Mec = 20x - 15(x - 3) for 
segment BC is second degree 
curve; at x = 3 m, Мәс = 60 KN-m; 
at x = 5 m, Mec = 40 kN-m. Note 
that maximum moment occurred 
at zero shear; at x = 3.67 m, Мес 
= 66.67 КМ-т. 

(3) Me = 20x – 60(х — 4) for segment 
BC is linear; at x = 5 m, Mep = 40 
kN-m; at x = 6 m, Mes = 0. 


20 kN/m 


2m 


УМр-0 
684 = 5[2(50)] + 1[2(20)] 
R4=90kN 


Segment АВ: 50 КМ/т 
Vas = 90 - 50x kN 
Mag = 90x – 50х(х/2) А 


50 kN/m = 90x - 25x2 г 
" Ra = 90 kN 
= Segment BC: 
2m Vgc = 90 - 50(2) 

Ra = 90 kN = 10 КЧ 

l— x Mac = 90x - 2(50)(x - 1) 

= -10x + 100 kN-m 

Segment CD: 
ун Ve = 90 - 2(50) - 20(x - 4) 
= 20x + 70 kN 


| т -5 Men = 90x - 2(50)(x - 1) 
Ra = 90 kN - 20(x - 4)(x - 4)/2 
ааа, 2 un = 90x - 100(x - 1) - 10(x - 4)? 


= 1022 + 70x - 60 kN-m 


50 kN/m 
/ 20 КМ/т To draw the Shear Diagram: 
D (1) Vag = 90 — 50x is linear; at x = 0, Vee 
A Load = 90 kN; at x = 2 m, Vac = –10 kN. 


Diagram When Vas = 0, x = 1.8 m. 
(2) Vac = —10 kN along segment BC. 
(3) Væ = -20x + 70 is linear; at x = 4 
m, Veg = -10 kN; at x = 6 m, М = — 
50 kN. 


Shear |То draw the Moment Diagram: 
Diagram (1) Mas = 90x — 25x" is second degree; 
at x = 0, Мав = 0; at x = 1.8 m, Ма 
= 81 КМ.т; at x = 2 т, My = 80 
kN-m. 
(2) Mec = –10х + 100 is linear; at x = 2 
Moment m, Mac = 80 kN-m; at x = 4 m, Mac = 
(3) M; = -10x! + 70x – 60; atx = 4 m, 
М = 60 KN-m; at x = 6 m, Mes = 0. 


Problem 409 


Cantilever beam loaded ав shown in Fig. Р-409. 


Figure P-409 


Solution 409 
Segment AB: 
VAB = —WoX We 


тр 


Wa Segment BC: 


= -iuL 


В н 2 Mac = -w,(L/2)(x - 1/4) 


-luwx- iul 


To draw the Shear Diagram: 

Load (1) Vas = —w.x for segment АВ is linear; at x = 0, Vas 
Diagram = 0; atx = L/2, Vag = -È wel. 

(2) At BC, the shear is uniformly distributed by — 


і 


= Wal. 


Shear 
Diagram | то draw the Moment Diagram: 


(1) Mas = -3 wat is a second degree curve; at x = 


0, Mag = 0; at x = 1/2, Mag = — м2, 


designed (2) М = -i х + гт w,L* is a second degree; at 
x = L/2, Mee = —$ WL; at x = 1, My = — 
– 2м? 


3 2 
3 WoL. 


Problem 410 
Cantilever beam carrying the uniformly varying load shown in Fig. Р-410. 


Figure P-410 


Solution 410 


»э? 
ae 
mar 
ко 


Shear equation: 


‘= NM 
2L 


Moment equation: 


М = -pafe Man] 
3 (21 | 


To draw the Shear Diagram: 


Wo ЁС. 
== is a second degree curve; 


ax-0,V-0;atx-L,V--LwL 


To draw the Moment Diagram: 


Wo аг. " 
нәсе is a third degree curve; at 


x-0,M-0;atx-L, M = 2 wa. 


` 


Problem 411 
Cantilever beam carrying a distributed load with intensity varying from wo at the free 


end to zero at the wall, as shown in Fig. P-411. 


Wo 


К 


Figure P-411 


Solution 411 


Ni 
ll 
2 
ll 
a. 
сэ E 
2 
m 
| 
ы 
(2221 


i | w 
Load Diagram : = Bory -x) 
! Г 
ы Shear equation: 
i w w 
i Shear Diagram -+4 wL V=-F, - Fo =-—2x" - —*(Lx—x") 
Н 2L L 
Ц LI 10 w 
ei ee Wax + —©®х? 
шог р, 
= Wol? - SE" = wax 
Moment Diagram 
To draw the Shear Diagram: ome еса 
М = -+хЕ- xf 
V= a _ W,X is a concave - : 
21 1 Ww, 2 | 1 10, > 
" --—x| —x |-—x —(Ix-x^ 
upward second degree m at x 3 E | 2 L ( ) 
= 0, М = 0; ах= 1, У = az WoL. 
To draw Ње Moment diagram: = 0003 _ Из CNN 
“ “ 3L 2 2L 
M =-—2x? + — x? is in third * D 
2 6L =-—©х° + ey? 
degree; atx = 0, М = 0; ах = L, 2 61. 


М--4 wl’. 


Problem 412 


Beam loaded as shown in Fig. P-412. 


Figure P-406 


800 Ib/ft 


Solution 412 
YMa-70 УМс= 0 
6Rc = 5[6(800)] 6R = 1[6(800)] 
Re = 4000 Ib Ra = 800 Ib 
A Segment AB: 
x Vas = 800 Ib 
Ra = 800 Ib Mag = 800x 
Segment BC: 
Vac = 800 - 800(x - 2) 
= 2400 - 800x 


Mec = 800x - 800(x - 2)(x - 2)/2 
— 800x - 400(x - 2)? 


Segment CD: 
7 Vcp = 800 + 4000 - 800(x - 2) 
A - = 4800 - 800x + 1600 
С м. 
28-48 = 6400 - 800x 
Ra = 800 Ib Re = 4000 Ib | Mco = 800x + 4000(x - 6) - 800(x - 2)(x - 2)/2 
x = 800x + 4000(x - 6) - 400(x - 2)? 


To draw the Shear Diagram: 

(1) 800 Їр of shear force is uniformly 
distributed along segment AB. 

(2) Vec = 2400 — 800x is linear; at x = 2 ft, 
Vec = 800 lb; at x = 6 ft, М = —2400 
lb. When Vee = 0, 2400 — 800x = 0, 
thus x = 3 ft or Vac = 0 at 1 ft from B. 

(3) Veo = 6400 — 800x is also linear; at x = 
6 ft, Veo = 1600 Ib; at x = 8 ft, Vac = 0. 


To draw the Moment Diagram: 

(1) Mas = 800x is linear; at x = 0, Mag = 0; 
at x = 2 ft, Мав = 1600 lb-ft. 

(2) Mec = 800x - 400(x — 2)? is second 
degree curve; at x = 2 ft, Мс = 1600 
lb-ft; at x = 6 ft, Мәс = –1600 ЇР Ёс at x 
= 3 ft, Мәс = 2000 lb-ft. 

(3) Mep = 800x + 4000(x – 6) – 400(x – 2)? 
is also a second degree curve; at x = 6 


ft, Mep = -1600 1.6; at x = 8 ft, Mæ = 
0. 


Problem 413 


Beam loaded as shown in Fig. P-413. 


Figure P-413 
100 Ib/ft 


M = 1200 lb-ft 


2ft 4ft 18118 


Solution 413 
УМв-0 
6Rz = 1200 + 1[6(100)] 
Re = 300 Ib 


УМь-0 
68: + 1200 = 5[6(100)] 
Rz = 300 Ib 


Segment AB: 100 lb/ft 
Vag = -100x Ib 
Mas= -100x(x/2) 
==. 2 Ф x 
A Segment BC: 
Vgc = -100x + 300 Ib 
Re = 300 Ib Мвс = -100x(x/2) + 300(x - 2) 
x = -50x? + 300x - 600 Ib-ft 


100 Ib/& Segment CD: 
Vcp = -100(6) + 300 
A = -300 Ib 


кф ав ——S| | Мо = -100(6)(х - 3)  300(x - 2) 
Re = 300 Ib = -600x + 1800 + 300x - 600 
x = -300x + 1200 Ib-ft 


Segment DE: 
VDE = -100(6) + 300 

- -300 Ib 
^ Moe = -100(6)(x - 3) + 1200 + 300(x - 2) 
= -600x + 1800 + 1200 + 300x - 600 
= -300x + 2400 


100 Ib/ft 


To draw the Shear Diagram: 

(1) Мав = -100x is linear; at x = 0, Vag = 
0; at x = 2 ft, Vas = —200 Ib. 

(2) Vac = 300 – 100x is also linear; at x 
= 2 ft, Vec = 100 lb; at x = 4 ft, Vac 
= -300 Ib. When Voc = 0, x = 3 ft, 
or Vec =0 at 1 ft from 8. 

(3) The shear is uniformly distributed at 
—300 Ib along segments CD and DE. 


To draw the Moment Diagram: 

(1) My = -50x* is a second degree 
curve; at x= 0, Mas = 0; atx = ft, 
Map = —200 lb-ft. 

(2) Məc = —50x? + 300x – 600 is also 
second degree; at x = 2 ft; Mac = — 
200 lb-ft; at x = 6 ft, Me = —600 
lb-ft; at x = 3 ft, Мс = —150 Ift. 

(3) Mco = -300x + 1200 is linear; at x = 
6 ft, Mæ = —600 lb-ft; at x = 7 ft, 
Mco = —900 lb-ft. 

(4) Moe = -300x + 2400 is again linear; 
at x = 7 ft, Moe = 300 Ib-ft; atx = 8 
ft, Moe = 0. 


-900 Ib-ft 


Problem 414 


Cantilever beam carrying the load shown in Fig. P-414. 


Figure P-414 4 kN/m 
2 kN/m 


Solution 414 


Е =2x 


F;- i(x-2)y 
-ie-2126-2] 
-i(x-2y 

Vac = -F1- Р 

--2x- 4 (x - 2)? 


Msc = -(x/2)F1 - 4 (x - 2)F2 
= -(x/2)(2x) - $ (x - 2)[$ (x - 2)] 


a, e 4(х-2р 


To draw the Shear Diagram: 
(1) Vag = —2x is linear; at x = 0, Vag = 0; at x = 2 m, Мав 
=—4 kN. 


(2) Væ = - 2x - 4 (x - 2)? is a second degree curve; at х 
= 2 m, Vg = —4 kN; at x = 5 m; Vac = –13 kN. 
To draw the Moment Diagram: 


(1) Mas = —x* is a second degree curve; at x = 0, Mag = 0; 
at x = 2 т, Mas = —4 kN-m. 


(2) Мс--х- $ (x - 2)? is a third degree curve; at x = 
2 m, Мс = —4 kN-m; at x = 5 m, Mac = —28 kN-m. 


Problem 415 


Cantilever beam loaded as shown in Fig. P-415. 


Figure P-415 
20 kN/m 


A 
B E D 
3m 2m 2m 


40 kN 


Solution 415 


Segment AB: 20 kN/m 
Vas = -20x kN 
Mas = -20x(x/2) A 

= 10x? kN-m I- x —| 


Segment BC: 
Увс = -20(3) 
= -60 КЧ 


Мвс = -20(3)(x - 1.5) 


20 kN/m 


iiim 
E 


20 kN/m - -60(x - 1.5) kN-m 
A = Segment CD: 
зт —Ó5lc 2m Ven = -20(3) + 40 
--20КМ 


Мор = -20(3)(x - 1.5) + 40(x - 5) 


= -60(x - 1.5) + 40(x - 5) 


1 —60 kN 
Shear Diagram 


—210 kN-m 


Moment Diagram -250 КМ-т 


Problem 416 


To draw the Shear Diagram 

(1) Vas = —20x for segment АВ is linear; at 
x = 0, V = 0; atx = 3 m, V = —60 kN. 

(2) Vee = —60 kN is uniformly distributed 
along segment BC. 

(3) Shear is uniform along segment CD at 
-20 kN. 


To draw the Moment Diagram 

(1) Mag = -10x* for segment AB is second 
degree curve; at x = 0, Mas = 0; at x 
= 3 т, Маз = —90 kN-m. 

(2) Мь = —60(x — 1.5) for segment 8С is 
linear; at x = 3 m, Mac = –90 kN-m; at 
x = 5 m, Мс = —210 kN.m. 

(3) М = -60(x – 1.5) + 40(x – 5) for 
segment CD is also linear; at x = 5 m, 
Mep = –210 kN-m, at x = 7 m, Mo = – 
250 kN-m. 


Beam carrying uniformly varying load shown in Fig. P-416. 


L 


Figure P-416 


Wo 


Solution 416 


УМь= 0 2/3L 1/3 L -4 
ІВ = 31Е | Wo 


Е} = id Lw;) 


-llw, L 
Ry 8: 


YXMmg-0 
LR: = E LF 
R2= 344 Lwe) 


EC iae 
-.- 
.- 


meme — aAó 


Ri 


Wo 


L 


N 


Load Diagram 


W.. 22 
- - 


----------- 20 


Shear Diagram 


D 
' 
— a —— эм 
! 
' 
' 
! 
i 
! 
' 
' 
! 
' 
! 
' 
' 
! 
1 
! 
' 
' 
! 
1 
! 
' 
' 
! 
' 
! 


Moment Diagram 


М = Rix - E(1x) 


= llw, mox ty 
prp (35) 


= 1 Ілхоох - Һа: e 
" 6L 


To draw the Shear Diagram: 

V = 1/6 Lw, — w,x*/2L is a second degree curve; at x = 
0, V = 1/6 Lwe = Ry atx = L, V = -1/3 ім = -Rz; If 
a is the location of zero shear from left end, 0 = 1/6 Lw, 
— Wex*/2L, x = 0.57741 = a; to check, use the squared 
property of parabola: 

a/R = 12/(8; + R2) 

а2/(1/6 Lw,) = 12/(1/6 Lwe + 1/3 Lwe) 

а? = (1/6 L>wo)/(1/2 Lwe) = 1/31? 

а = 0.5774L а = 


To draw the Moment Diagram 
М = 1/6 Lw,x — woe/6L is a third degree curve; at x = 
0, M = 0; atx = L M = 0; at x = a = 0.57741, М = 
Meus 
Mas = 1/6 Lw,(0.5774L) – w,(0.5774L)7/6L 
Ma, = 0.0962L2w, — 0.0321L2w, 
Mas, = 0.06412, 


Problem 417 


Beam carrying the triangular loading shown in Fig. P- 417. 


Wo 


э ——— ць 


В, Ra 
Figure P-417 
Solution 417 
By symmetry: ds 
R, = Е = 4+(4Lw,) lLw, д 
Е| 5 i 
у ш, 2ш, Л 
— = 7 у = n Е ! 
х L/2 L 
ян 
Ра - EM! 2w, Ry 
Е- zry = p^ L x — L/2 
F= Zo x 
L 
Wo 
V=R,-F 
y= ilw ae Be 2 
gy 
L/2 —J4— L/2 
Ry Load Diagram 8: M= Rx -F (4x) 
iow, М = iLw,x - [ex ч» 


Shear Diagram 
Н -—Lw 


2 
>ч» 


Moment Diagram 


1 усә 


М = 4Lw,x - зүг 


To draw the Shear Diagram: 
V = Lwo/4 — woX?/L is a second degree curve; 
at x = 0, V = Lw,/4; at x = L/2 V = 0. The 
other half of the diagram can be drawn by the 
concept of symmetry. 


To draw the Moment Diagram 
М = Lw,x/4 — w,x7/3L is a third degree curve; 
at x = 0, M = 0; at x = 1/2, = L^wJ12. The 
other half of the diagram can be drawn by the 
concept of symmetry. 


Problem 418 


Cantilever beam loaded as shown in Fig. P-418. 


lc—. 48 


Figure P-418 


Segment AB: 
Vas = -20 kN | Рие 
Мав = -20x kNm д E. 


Segment BC: 
Vag = -20 КМ 
Maz = -20x + 80 kN-m 


Solution 418 


To draw the Shear Diagram: 
Load Vas and Vec are equal and constant 
Diagram at —20 kN. 


To draw the Moment Diagram: 
(1) Mas = —20х is linear; when x = 0, 
Shear Mas = 0; whenx 2 4 m, -- 
Diagram 80 kN-m. 
(2) Mac = -20x + 80 is also linear; 
when x = 4 m, Mge = 0; when x = 
6 m, Mac = —60 kN.m 


Moment 
Diagram 
Problem 419 
Beam loaded as shown in Fig. P-419. 
270 Ib/K 
A B E 
68---3Ю- 38 
Ry R; 


Solution 419 


[XMc-0] 9R, = 5(810) 
Б. = 450 Ib 


[XM4-0] 9R- = 4(810) 
Rə = 360 Ib 


Segment АВ: 
y 2/0 

х 6 

y = 45x 


= ixy = ix(45x) 
F = 22.552 


Vag = Ry = F 
= 450 – 22.522 Ib 


Maz - Вїх - Е(4х | 
-4020х-22.х2(4х) 
= 450x - 7.5x* lb-ft 


Segment BC: 
Vac = 450 - 810 
= -360 tb 
A 
В 
t Эм | Mec = 450x - 810(x - 4) 
22 тэ” = 450x - 810x + 3240 


= 3240 - 360x lb-ft 


270 Ib/ft To draw the Shear Diagram: 

(1) Vae = 450 — 22.5x? is a second degree 
curve; at x = 0, Vas = 450 lb; at x = 6 
ft, Vag = —360 Ib. 

(2) At x =a, Vag = 0, 

450 – 22.5x! = 0 

22.5x* = 450 

х = 20 

х = 120 
To check, use the squared property of 
parabola. 

а:/450 = 67/(450 + 360) 

а? = 20 


а = N20 
(3) Vee = -360 Ib is constant. 


To draw the Moment Diagram: 

(1) My = 450x – 7.5x? for segment AB is 
third degree curve; at x = 0, Має = 0; 
at x = N20, Mas = 1341.64 lb-ft; at x = 
6 ft, Mas = 1080 lb-ft. 

(2) М. = 3240 — 360x for segment BC is 
linear; at x = 6 ft, Mpc = 1080 lb-ft; at 
x= 9 ft, My = 0. 


Moment Diagram 


Problem 420 
A total distributed load of 30 kips supported by a uniformly distributed reaction as 
shown in Fig. P-420. 


l- atk ов ——- 84 


Figure P-420 


Solution 420 


W = 30 kips 
ewe TTT 
k- 4ft t —— 12ft Мф 48 | 


w = 30(1000)/12 
w = 2500 Ib/ ft 


УРу= 0 
R=W 
20r = 30(1000) 
r = 1500 Ib/ ft 


First segment (from 0 to 4 ft from left): x 
V, = 1500x 
М, = 1500x(x/2) 
Second segment (from 4 ft to mid-span): 


К з садаа а СРЦ 
|| [cz isoo te | У = 1500x - 2500(x - 4) 
ve = 10000 - 1000x 
Ee d шан Ma = 1500x(x/2) - 2500(x - 4)(x - 4)/2 


= 750° - 1250(x - 4)? 


25 Ib/ft 
11111111 To draw the Shear Diagram: 
vote TERES: 
ШШШ зөм ШИШ (2) ie second segment, V, = 10000 – 

|e 48 dà 12Ё — 9 m Ж 


1000x is also linear; at x = ANM 
6000 Ib; at mid-span, x = 10 ft, Ў 
half of 


iam | t | (3) For the next half of the beam, th 
Нум Е a hn 
зэл | | | concept of symmetry. 

To draw the Moment Diagram: 

(1) For the first segment, M, = 750° is a 
degree curve, an 
зах = 0, M = 0; atx = 4 ft, 

M, = 12000 Ib. 

(2) For the second segment, M, = 7502 — 

dani A ole curve, 


an downward parabola; at x = 4 ft, M; = 
12000 DA at mid-span, x = 10 ft, М, = 


30000 lb-ft. 
(2) The next half of the diagram, from x 
ИК ох 20, сэл be den by иа 
the concept of symmetry. 


Problem 421 


Write the shear and moment equations as functions of the angle 0 for the built-in arch 
shown in Fig. P-421. 


Figure P-421 


Solution 421 


For 8 that is less than 90* 


Components of Q and P: 
О. = О sin Ө 
О, = О cos 6 


P, = P sin (90° - 8) 
= Р (sin 90° cos 8 - cos-907sin 6) 


= Рсоѕ Ө 
P, = P cos (90° - 6) 
= P (cos 902705 Ө + sin 90° sin 8) 
= P sin Ө 
Shear: 
V-ZE 
V=Q,-P, 


V=Qcos6-Psin6 


Moment arms: 
dg=Rsin6 
d= R -R cos Ө 

= R (1 - cos 8) 


Moment: 
М = X Mcunterdockwise — 2M clockwise 
M = Q(dg) - P(d;) 
M = QR sin 8 - PR(1- cos 8) 


For 9 that is greater than 90° 
Components of Q and P: 
О, = Q sin (180° - Ө) 
= Q (sin 180° cos 8 - cos 180° sin Ө) 
= Qcos8 
О, = Q cos (180° - Ө) 
= Q (cos 180° cos 6 + sin 180° sin 8) 
= -Q sin 8 


P, = P sin (8 - 90°) 
= P (sin 8 cos 90° - cos 6 sin 90°) 
= -P cos Ө 

P, = P cos (8 - 90°) 
= P (cos 8 cos 90° + sin 6 sin 90^) 
=Psin6 


Shear: 
у= УР, 
У=-0,- Py 
V = -(-Q sin 8) - Р sin 6 
V= Q sin8-P sin8 


Moment arms: 
dg = R sin (180° - 8) 
= R (sin 180° cos 8 - cos 180° sin 6) 
=Rsin6 


dr = R + R cos (180° - 6) 
= R + R (cos 180° cos Ө + sin 180° sin Ө) 
=R-Rcos6 
= R(1- cos Ө) 


Moment: 
M= 2M counterclockwise e у>, КИИНЕ 
M = О(@о) - P(dz) 
M = QR sin 8 - PR(1- cos 8) 


Problem 422 
Write the shear and moment equations for the semicircular arch as shown in Fig. P-422 
if (a) the load P is vertical as shown, and (b) the load is applied horizontally to the left 


at the top of the arch. 


Figure P-422 


Solution 422 

XM--70 
2R(Ra) = RP 
Ra == +P 


For 6 that is less than 90° 


Shear: 
Vas = Ra cos (90° - 8) 
Vas = +P (cos 90° cos Ө + sin 90° sin 6) 


Vas = +P зіп Ө 


Moment arm: 
d=R-Rcos8 
d= R(1- cos 8) 


Moment: 
Mas = R: (d) 
Mas = 4 PR(1- cos Ө) 


For 6 that is greater than 90° 


Components of Р and Ra: 
P, = P sin (8 - 90°) 
= P (sin Ө cos 90° - cos Ө sin 90°) 


= -Р cos Ө 

P, = Р cos (6 - 90°) 
= P (cos Ө cos 90° + sin Ө sin 90°) 
= Р ѕіп Ө 


Ra. = Ra sin (8 - 90°) 
= iP (sin Ө cos 90° - cos Ө sin 90°) 
--1Рсоз9 

Ra, = Ra cos (8 - 90°) 
= +P (cos 6 cos 90° + sin Ө sin 90°) 


= iPsin8 
Shear: 
Vac = УЕ, 
Vac = Ray - P, 
Vac = +P sin 6 - Psin6 
Vic 7 - £P sin Ө 


Moment arm: 

d= R cos (180° - Ө) 

d= R (cos 180° cos Ө + sin 180° sin Ө) 
=-Rcos 8 


Moment: 

Msc = 2M counterclockarise — 22M ctocieoise 
Msc = RA(R + 8) = Pd 

Msc = 4 P(R -R cos 8) - P(-R cos Ө) 
Msc = +PR- 4PR cos Ө + PR cos Ө 
Msc = 4+PR++PRcos Ө 

Mac = +РК(1 + cos 8) 


Relationship between Load, Shear, and Moment 


The vertical shear at C in the figure shown in previous section is taken as 


Ve = (УР,): = Ri- wx 


where R, = R; = wL/2 


wL 
Vo= — -wy 
2 
wL [e 
Mc = (Мс) = oe wx, — 
wlx wx? 
Mc = РЕ 
2 2 


dM шЇйх тю, dx 


— ER c инээнэ «иь -»-2Х-- 
йх 2 dx 2 йх 
d] ) 
юэ = wi - iUX = shear 
йх 
thus, 
ам Ly 
йх 


Thus, the rate of change of the bending moment with respect to х is equal to the 
shearing force, or the slope of the moment diagram at the given point is the 


shear at that point. 


Differentiate V with respect to x gives 


iy w = load 
dx 
V 
zii = Load 
ax 


Thus, the rate of change of the shearing force with respect to x is equal to the load or 


the slope of the shear diagram at a given point equals the load at that point. 


PROPERTIES OF SHEAR AND MOMENT DIAGRAMS 


The following are some important properties of shear and moment diagrams: 


1. The area of the shear diagram to the left or to the right of the section is equal to 
the moment at that section. 
2. The slope of the moment diagram at a given point is the shear at that point. 


3. The slope of the shear diagram at a given point equals the load at that point. 


4. The maximum moment occurs at the point of zero shears. a NEN 2 


This is in reference to property number 2, that when the 

shear (also the slope of the moment diagram) is zero, the 

tangent drawn to the moment diagram is horizontal. pd ^ PEL 
5. When the shear diagram is increasing, the moment diagram is concave upward. 
6. When the shear diagram is decreasing, the moment diagram is concave 


downward. 


SIGN CONVENTIONS 


The customary sign conventions for shearing force and bending moment are 
represented by the figures below. A force that tends to bend the beam downward is said 
to produce a positive bending moment. A force that tends to shear the left portion of 


the beam upward with respect to the right portion is said to produce a positive shearing 


мы” MN 


Positive Bending Negative Bending 


force. 


— è ë 


Positive Shear Negative Shear 


An easier way of determining the sign of the bending moment at any section is that 
upward forces always cause positive bending moments regardless of whether they act 


to the left or to the right of the exploratory section. 


Solved Problems in Relationship between Load, Shear, and Moment 


INSTRUCTION 


Without writing shear and moment equations, draw the shear and moment diagrams for 
the beams specified in the following problems. Give numerical values at all change of 
loading positions and at all points of zero shear. (Note to instructor: Problems 403 to 
420 may also be assigned for solution by semi graphical method describes in this 


article.) 


Problem 425 


Beam loaded as shown in Fig. P-425. 


60 kN 30 kN 
2m 4m im 
Ry Ro 
Figure P-425 
Solution 425 
>=M,=0 
6R; = 2(60) + 7(30) 
R2=55kN 
УМс= 0 
6R; + 1(30) = 4(60) 
Е; = 35 КМ 
To draw the Shear Diagram: 


(1) VV = 8; = 35 kN 

(2) Ve = Va + Area in load diagram — 60 kN 
Ve = 35 + 0 – 60 = –25 kN 

(3) Vc = Va + area іп load diagram +В, 
Ve = —25 + 0 + 55 = 30 kN 

(4) Vp = Ve + Area in load diagram — 30 kN 
Vp = 30+0-30=0 


(2) M, = M, + Area in shear diagram 
Ms = 0 + 35(2) = 70 kN-m 

(3) Mc = Me + Area in shear diagram 
М: = 70 — 25(4) = —30 kN-m 

(4) М, = M; + Area in shear diagram 
Mp = -30 + 30(1) = 0 


Moment Diagram 


—30 kN-m 


Problem 426 
Cantilever beam acted upon by a uniformly distributed load and a couple as shown in 


Fig. P-426. 


5 kN/m 
M = 60 КМт 


2m 2m im 


Figure P-426 


Solution 426 
5 kN/m 


To draw the Shear Diagram 
(1) Va = 0 
(2) C Cn Cap n 


(3) Ve = Ve + Area in load diagram 
Ve =-10+0 
Vc = —10 kN 

(4) Vo = Vc + Area in load diagram 
Vo =-10+0 
Vp = –10 kN 


To draw the Moment Diagram 
(1) М,-0 
(2) M, = M, + Area in shear diagram 
Me = 0— Уз (2)(10) 
Me = –10 КМт 
(3) Mc = М, + Area in shear diagram 
Me = -10 – 10(2) 
Me = —30 kN-m 
Mo = -30 + M = -30 + 60 = 30 kN.m 
(4) Mp = Мо + Area in shear diagram 
Mp = 30 – 10(1) 
Mp = 20 kN-m 


-30 kNm 


Problem 427 


Beam loaded as shown in Fig. P-427. 


Solution 427 


12R, = 100(12)(6) + 800(3) 
R; = 800 Ib 


УМ, = 0 
128: = 100(12)(6) + 800(9) 
К = 1200 Ib 


To draw the Shear Diagram 
(1) № = R, = 800 Ib 
(2) Ve = Va + Area in load diagram 
Ve = 800 - 100(9) 
№ = –100 lb 
Vg; = —100 — 800 = —900 Ib 
(3) Vc = Vez + Area in load diagram 
Ve = —900 - 100(3) 
Ve =—1200 Ib 
(4) Solving for x: 
x / 800 = (9 — x) / 100 
100x = 7200 — 800x 
x-8ft 


To draw the Moment Diagram 
(1) М,-0 
(2) M, = M, + Area in shear diagram 
M, = 0 + Уз (8)(800) = 3200 Ib.ft 
(3) Me = M + Area in shear diagram 
Mp = 3200 — 7 (1)(100) = 3150 lb-ft 
(4) M. = М, + Area in shear diagram 
Me = 3150 — % (900 + 1200)(3) = 0 
(5) The moment curve BC is downward 
parabola with vertex at A. А’ is the 
location of zero shear for segment BC. 


Problem 428 


Beam loaded as shown in Fig. P-428. 


Solution 428 


—20 kN-m 
Moment Diagram 


Figure P-428 


XMp -0 
5R, = 50(0.5) + 25 
R17 10 kN 


УМ,-0 
5Ro + 25 = 50(4.5) 
R2=40kN 


To draw the Shear Diagram 
(2) Ve = №, + Area in load diagram 
Ve = 10 +0 = 10 kN 
(3) Vc = Vp + Area in load diagram 
Vc = 10 0 = 10 kN 
(4) Vp = Vc + Area in load diagram 
Vp = 10 — 10(3) = —20 kN 
Vp; = —20 + В, = 20 kN 
(5) Ve = Vg; + Area in load diagram 
Ve = 20 – 10(2) = 0 
(6) Solving for x: 
x/ 10-2 (3-x)/ 20 
20x = 30 — 10x 


(2) Me = Ма + Area in shear diagram 
Mg = 0 + 1(10) = 10 kNm 
Mg; = 10—25 = –15 kN. m 

(3) Me = Mg + Area in shear diagram 
М,--15-1(10)--5КМт 

(4) M, = Mc + Area in shear diagram 
M, 2-5 + 15 (1(10) 20 

(5) Mp = M, + Area in shear diagram 
Mp = 0 — % (2)(20) =-20 kN-m 

(6) Me = Mp + Area in shear diagram 
Me = —20 + 15 (2)(20) = 0 


Problem 429 


Beam loaded as shown in Fig. P-429. 


Solution 429 

УМ--0 

48, + 120(2)(1) = 100(2) + 120(2)(3) 
Ri = 170 Ib 


100 Ib 


УМ, = 0 
4R> = 120(2)(1) + 100(2) + 120(2)(5) 
Е. = 410 lb 


To draw the Shear Diagram 

(1) Va = 8, = 170 lb 

(2) Va = V4 + Area in load diagram 
Va = 170 – 120(2) = —70 Ib 
Vg; = —70 — 100 = -170 Ib 

(3) Vc = Veo + Area in load diagram 
Ve =-170 + 0 = 2170 lb 
Vez = 7170 + R: 
Vc; = –170 + 410 = 240 lb 

(4) Vo = Veo + Area in load diagram 


x/ 170 = (2- x) / 70 
70x = 340 — 170x 
х-17/128-142Ё8 


To draw the Moment Diagram 

(1) М„=0 

(2) M, = M, + Area in shear diagram 
M, = 0 + 12 (17/12)(170) 
М, = 1445/12 = 120.42 lb-ft 

(3) Ms = M, + Area in shear diagram 
Ms = 1445/12 — Уз (2 — 17/12)(70) 
M, = 100 lb-ft 

(4) M; = Mp + Area in shear diagram 
Mc = 100 — 170(2) = —240 lb-ft 

(5) Mp = Me + Area in shear diagram 
Mp = —240 + Y2 (2X240) = 0 


Problem 430 


Beam loaded as shown in P-430. 


Solution 430 

XMp-0 

20R, = 1000(25) + 400(5)(22.5) 
+ 2000(10) + 200(10)(5) 

В, = 5000 Ib 


1000 Ib 2000 Ib 


=Mz = 0 
20R2 + 1000(5) + 400(5)(2.5) 

= 2000(10) + 200(10)(15) 
В, = 2000 Ib 


To draw the Shear Diagram 

(1) Va = -1000 Ib 

(2) Ve = Va + Area іп load diagram 
Va = —1000 — 400(5) = -3000 Ib 
Vg; = —3000 + R, = 2000 Ib 

(3) Vc = Vez + Area in load diagram 
Ve = 2000 + 0 = 2000 Ib 
Veo = 2000 – 2000 = 0 

(4) Vp = Vo + Area in load diagram 
Vp = 0 + 200(10) = 2000 Ib 


To draw the Moment Diagram 

(1) M=0 

(2) Ma = Ma + Area in shear 
M, = 0 — ¥2 (1000 + 3000)(5) 

Mg = —10000 lb-ft 

(3) Mc = Mg + Area in shear diagram 
Mc = —10000 + 2000(10) = 10000 lb-ft 

(4) Mp = Mc + Area in shear diagram 
Mp = 10000 — Уз (1002000) = 0 

(5) For segment BC, the location of zero 
moment can be accomplished by 
symmetry and that is 5 ft from B. 

(6) The moment curve AB is a downward 
parabola with vertex at А. A’ is the 
location of zero shear for segment AB at 
point outside the beam. 


Problem 431 


Beam loaded as shown in Fig. P-431. 


Ry 8: 


Solution 431 


УМ, -0 

7R, + 40(3) = 5(50) + 10(10)(2) 
+ 20(4)(2) 

Ri = 70 КЧ 


УМА = 0 

7R2 = 50(2) + 10(10)(5) + 20(4)(5) 
+ 40(10) 

В, = 200 Ib 


To draw the Shear Diagram 

(1) Va = Ry = 70 kN 

(2) Ve = Va + Area in load diagram 
Vs = 70 – 10(2) = 50 kN 
Ve = 50-50=0 

(3) Vc = Vg; + Area in load diagram 
Ve = 0 — 10(1) --10 kN 

(4) Vp = Ve + Area in load diagram 
Vo = –10 — 30(4) --130 kN 
Voz = —130 + Rz 
Voz = —130 + 200 = 70 kN 

(5) Ve = Vg; + Area in load diagram 
Ve = 70 – 10(3) = 40 kN 
Ve = 40- 40 = 0 


To draw the Moment Diagram 

(1) Ma=0 

(2) М. = M, + Area in shear diagram 
Ms = 0 + 15 (70 + 50)(2) = 120 kN-m 

(3) М. = M, + Area in shear diagram 
Ме = 120 – 15 (1)(10) = 115 kN-m 

(4) М = Mc + Area in shear diagram 
Mo = 115 – v2 (10 + 130)(4) 
Mo = —165 kN.m 

(5) Me = Mp + Area in shear diagram 
Me = –165 + $2 (70 + 40)(3) = 0 

(6) Moment curves AB, CD and DE are 
downward parabolas j 


with vertices at 

A’, B' and С, respectively. A’, B' 

and C' are corresponding zero shear 

points of segments AB, CD and DE. 

(7) Solving for point of zero moment: Mc = 115 kN-m Another way to solve the 

a/10=(a+4)/ 130 М. = Mc + Area in shear location of zero moment 

130a = 10a + 40 O=115-%(10+y)x by the squared 

a=1/3m (10 + y)x = 230 property of parabola (see 

(10 + 30x + 10)x = 230 Problem 434). This point 

y / (x +a) = 130 / (4 +a) 30x? + 20x – 230 = 0 is the appropriate location 

y = 130(x + 1/3) / (4 + 1/3) 3x? + 2x-23 = 0 for construction joint of 
y = 30x + 10 x=2.46m concrete structures. 


zero moment is at 2.46 m from C 


Problem 432 


Beam loaded as shown in Fig. P-432. 


Solution 432 


5R, + 120 = 6(60) + 40(3)(3.5) 
| 40 kN/m К, =132kN 


УМ» = 0 
58: + 60(1) = 40(3)(1.5) + 120 
R2 = 48 kN 


То draw Ње Shear Diagram 
(1) Va = —50 kN 
(2) Ve = V, + Area in load diagram 
Ve = —60 + 0 =-60 kN 
Veo = Ve + Ry = —60 + 132 = 72 kN 
(3) Vc = Vez + Area in load diagram 
Ve = 72 – 3(40) = —48 kN 
(4) Vp = Vc + Area in load diagram 
Vp = —48 + 0 =-48 kN 
(5) Ve = Vo + Area in load diagram 
Ve = —48 + 0 = —48 kN 
Vg; = Ve +R, =-48 + 48 = 0 
(6) Solving for x: 
x / 72 =(3-x)/ 48 
48x = 216 – 72x 
x=18m 


To draw the Moment Diagram 
(1) М,-0 
(2) Mp = My + Area in shear diagram 
Me = 0 — 60(1) = —60 КМ.т 
(3) M, = Ма + Area in shear diagram 
М, = —60 + + (1.8072) = 4.8 kN-m 
(4) M. = M, + Area in shear diagram 
Me = 4.8 – 15 (3 – 1.8)(48) = —24 kN-m 
(5) Mp = Mc + Area in shear diagram 
Mp = –24 – 15 (24 + 72)(1) = -72 kN-m 
М; = —72 + 120 = 48 kN.m 
(6) М: = Mg; + Area in shear diagram 
Me = 48 – 48(1) = 0 
(7) The location of zero moment on 
segment BC can be determined using 
the squared property of parabola. See 
the solution of Problem 434. 


Problem 433 


Overhang beam loaded by a force and a couple as shown in Fig. P-433. 


Figure P-433 750 Ib 
3000 lb-ft 
28 38 28 
8, R; 
Solution 433 
УМс--0 
58, + 2(750) = 3000 
В; = 300 Ib 
750 Ib 
УМ -0 
UR = 5R2 + 3000 = 7(750) 
t us Rz = 450 Ib 
To draw the Shear Diagram 


(1) Va = Ri = 300 Ib 
(2) Ve = V4 + Area in load diagram 
Ve = 300 + 0 = 300 lb 
(3) Vc = Ve + Area in load diagram 
Ve = 300 + 0 = 300 lb 
Shear Va = Ve + Ry = 300 + 450 = 750 Ib 
Diagram (5) Vp = Vc; + Area in load diagram 
Vp = 750 + 0 = 750 
Vp; = Vp — 750 = 750 - 750 = 0 


к> To draw the Moment Diagram 
(1) M -0 
Moment (2) M, = V, + Area in shear diagram 
Diagram М = 0 + 300(2) = 600 lb-ft 
Mg; = Vs — 3000 


Mez = 600 — 3000 = —2400 Ib-ft 
(3) Mc = Mg; + Area in shear diagram 

Ме = -2400 + 300(3) = -1500 Ib.ft 
(4) Mp = M. + Area in shear diagram 
-2400 lb-ft Mp = -1500 + 750(2) = 0 


Problem 434 


Beam loaded as shown in Fig. P-434. 


EE 

-— —Á 
2m 2m 2m 
Ry 

Figure P-434 


Solution 434 
ку E 0 
68, + 120 = 20(4)(6) + 60(4) 


Ri = 100 kN 


60 kN 
20 КМ/т 


М = 120 kN.m 
: XMs-0 

6R; = 20(4)(0)  60(2) + 120 

К. = 40 kN 


I 
Ri = i Р 
цайгаа | To draw the Shear Diagram 

(1) V, = 0 
(2) Va = V, + Area іп load diagram 

Ма = 0 – 20(2) = —40 kN 

Vex = Ve + Py = —40 + 100 = 60 kN 
(3) Ve = Vg + Area іп load diagram 

Ve = 60 — 20(2) = 20 kN 

Ver = Vc — 60 = 20 — 60 = —40 kN 
(4) Vo = = = Ма + Area in load diagram 


Load Diagram 


60 КМ 


(5) Ve = Vo + Area in load diagram 
Ve = —40 + 0 = -40 kN 
Vee = Ve В = -40 + 40 = 0 


To draw the Moment Diagram 
(1) М = 0 
(2) M, = M, + Area in shear diagram 
M, = 0— 15 (4002) = —40 kN.m 
(3) М. = Mg + Area in shear diagram 
Me = -40 + 1 (60 + 20)(2) = 40 kN.m 
(4) Mp = Mc + Area in shear diagram 
Mo = 40 — 40(2) =—40 kN-m 
Мы = Mp + М = —40 + 120 = 80 km 
(5) М; = Mg, + Area in shear diagram 
Me = 80 – 402) =й 
(6) Moment curve BC is a downward parabola 
with vertex at С. C is the location of zero 
shear for segment BC. 
(7) Location of zero mament at segment BC: 
By squared property of parabola: 
(3 - x / 50 = 3* / (50 + 40) 
Moment Diagram 3-х = 2.235 
х = 0.764 m from B 


Problem 435 


Beam loaded and supported as shown in Fig. P-435. 


Solution 435 


MO-------- 


УМь-0 
210, (5) = 10(4)(0)  20(2) + 40(3) 
w,=16kN/m 


ZM midpoint of EF = 0 
БР, = 10(4)(5) + 20(3) + 40(2) 
Ri = 68kN 


To draw the Shear Diagram 

(1) М,-0 

(2) Mg = M, + Area in load diagram 
= 0 — 10(2) = -20 kN 


иг 
(25) 
— 


+ Area in load diagram 
0 — 8 kN 
+ 


= 
ЕРВЕХЕЁЕЁ 


ss D 
FECE 


{ 2:222 


—32 + wol2) 
-32 + 16(2) = 0 


To the Moment Diagram 

(1) M -0 

(2) Mp = Ma + Area in shear diagram 
M, = 0 — 1 (20)(2) = –20 kN.m 

(3) М. = Ms + Area in shear diagram 
Ме = —20 + Уз (48 + 28)(2) 
Mc = 56 kN-m 

(4) Mp = Mc + Area in shear diagram 
Mp = 56 + 8(1) = 64 kN.m 

(5) Me = Mp + Area in shear diagram 
М,-64-32(1) = 32 Кт 

(6) Mr = Me + Area in shear diagram 
Mr = 32 – Уз (32)(2) = 0 

(7) The location and magnitude of moment 
at C are determined from shear 
diagram. By squared property of 
parabola, x = 0.44 m from 8. 


Problem 436 
A distributed load is supported by two distributedreactions as shown in Fig. P-436. 


Solution 436 
EM midpoint of cp = 0 


440 lb/ft ES (11) = 440(8)(5) 
= 400 Ib/ft 
4ft 2ft 
Ч B 8f С 9 ZM midpoint of АВ = 0 
Ri = 400 Ib/ft п = seo ly 2:7: 010) = 440(8)(6) 
| Load Diagram 102 = 960 Ib/ ft 
| To draw the Shear Diagram 
А (1) У,-0 


(2) Vs = V, + Area іп load diagram 
Ve = 0 + 400(4) = 1600 Ib 

(3) Vc = Ve + Area in load diagram 
Vc = 1600 – 440(8) = —1920 Ib 

(4) Vo = Vc + Area in load diagram 


x / 1600 = (8— x) / 1920 


ft 
! -1920 Ib 
si ирээ x = 40/11 ft = 3.636 ft from B 
| (1) М,-0 
' (2) Ms = M, + Area in shear diagram 
! 6109.1 Ib-ft Ms = 0 + Уз (1600)(4) = 3200 Ib-ft 


(3) M, = M, + Area in shear diagram 
М, = 3200 + 15 (1600)(40/11) 
М, = 6109.1 lb-ft 

(4) Mc = M, + Area in shear diagram 
Mc = 6109.1 — ¥2 (8 — 40/11)(1920) 
Me = 1920 lb-ft 

(5) М = Mc + Area in shear diagram 
М, = 1920 – ¥2 (1920)(2) = 


i 
, То draw the Moment Diagram 
| 
b- 
| 


Problem 437 


Cantilever beam loaded as shown in Fig. P-437 


1000 Ib 400 Ib/ft 
2ft 
500 lb 
Figure P-437 
Solution 437 
To draw the Shear Diagram 
(1) V, = –1000 Ib 


Ve = Va + Area in load diagram 
Ve = –1000 + 0 = –1000 Ib 
Vg; = Vg + 500 = —1000 + 500 
Veo = —500 Ib 

(2) Vc = Vez + Area in load diagram 
Ve = —500 + 0 = –500 Ib 

(3) Vp = Vc + Area in load diagram 
Vp = —500 — 400(4) = —2100 Ib 


To draw the Moment Diagram 

(1) М,-0 

(2) Me = Ma + Area in shear 
Me = 0 – 1000(2) = —2000 lb-ft 

(3) Me = Ms + Area in shear diagram 
M. = —2000 – 500(2) = —3000 lb-ft 

(4) Mp = M. + Area in shear diagram 
Mp = —3000 — ¥2 (500 + 2100)(4) 
Mp = —8200 БК 


Problem 438 
The beam loaded as shown in Fig. P-438 consists of two segments joined by a 


frictionless hinge at which the bending moment is zero. 


Figure P-438 ый 


юм 
ES UT VUE Y PEE ‚ DPE 


NENNT рва 


Solution 438 
200 Ib/ft 
200 lb/ft : 
ШШШ T 
^а ы жш и Rs 
УМ: ын 0 
4R, = 200(6)(3) 
Е, = 900 Ib 
To draw the Shear Diagram 


(1) Va =0 
(2) Ve = V4 + Area іп load diagram 
Va = 0 — 200(2) = —400 Ib 
Ма; = Ve + Ry = —400 + 900 = 500 Ib 
(3) Va = Veo + Area in load diagram 
Ми = 500 – 200(4) = -300 Ib 
(4) Vc = Vy + Area in load diagram 
Vc = —300 – 200(2) = —700 Ib 
(5) Location of zero shear: 
x / 500 = (4 — x) / 300 
300x - 2000 — 500x 
х-25Ё 


| 
1 
-300 Ibi 
! 


To draw the Moment Diagram 
(1) M-0 
(2) > аў om р bo oa 
=0-% (400 = 
авсны (3) M, = M, + Area in load diagram 
Moment Diagram |. —1000 lb-ft М, = —400 + 15 (500)(2.5) 
M, = 225 lb-ft 
(4) My = M, + Area in load diagram 
M, = 225 – 15 (300(4 - 2.5) 2 0. ok! 
(5) M; = My + Area in load diagram 
Mc = 0 – 1 (300 + 700)(2) 
M; = -1000 lb-ft 
(6) The location of zero moment in segment 
BH can easily be found by symmetry. 


Problem 439 
A beam supported on three reactions as shown in Fig. P-439 consists of two segments 


joined by frictionless hinge at which the bending moment is zero. 


4000 Ib 400 lb/ft 


УМа -0 
8R, - 4000(4) 
R; = 2000 Ib 


УМА — 0 
8V = 4000(4) 
Vz = 2000 Ib 


V4 = 2000 Ib 400 Ib/ft 


-000b  & y-7f 


Shear Diagram 


10R2 = 2000(14) + 400(10)(5) 


Ra = 4800 Ib 
УМн-0 
148, + 4(4800) = 400(10)(9) 
R; = 1200 Ib 
To draw the Shear Diagram (5) Location of zero shear: (3) M, = 8000 - 4000(2) = 0 
(1) V 20 x / 2800 = (10 - x) / 1200 (4) Mc = -400(2) 
(2) Vs = 2000 Ib 1200x = 28000 — 2800x М: = —8000 Ib.ft 
Vg; = 2000 – 4000 = -2000 Ib х-7Ё (5) M= „аю + сан 
(3) V, = -2000 Ib M, = 1800 Ib. 
(3) кен ib To draw the Moment Diagram | (6) М, = “чий AMAN 


Ve = –2000 + 4800 = 280016 | (1) Ma=0 М = 
(4) Vo = 2800 — 40010) = -1200 tb | (2) Ms = 2000(4) = 8000 bt | (7) Zoro M is 4 ft fom Rs 


Problem 440 
A frame ABCD, with rigid corners at B and C, supports the concentrated load as shown 
in Fig. P-440. (Draw shear and moment diagrams for each of the three parts of the 


frame.) 


C L D 
ч? Р 
Figure Р-440 
B 1/2 А 


Solution 440 
Member АВ Member BC 


Problem 441 

A beam ABCD is supported by a roller at A and a hinge at D. It is subjected to the loads 
shown in Fig. P-441, which act at the ends of the vertical members 

BE and CF. These vertical members are rigidly attached to the beam at B and C. (Draw 


shear and moment diagrams for the beam ABCD only.) 


Figure P-441 F 


I 2" c2» 
A B 


Solution 441 


Far = 14 КМ to the right 
Ms = 14(2) 
E pf? = 28 kN-m counterclockwise 


10 KN 


Fox = 3/5 (10) 

= 6 kN to the right 
Fey = 4/5 (10) 

= 8 КМ upward 
Мс = Fa: (2) = 6(2) 

= 12 KN-m clockwise 


УМь= 0 
6Ra + 12 + 8(2) = 28 
Ва = 0 


П 
! 
' 
' 
' 
! 
' 
' 
' 
! 
' 
' 
! 
' 
' 
' 
! 
' 
' 
' 
! 
' 
' 


XMa-0 
R»-20kN ӨЁру+ 12 = 28 + 8(4) 
Roy =8kN 
УЕн-0 
Rox = 14 + 6 
= 20 kN 


To draw the Shear Diagram 
(1) Shear in segments AB and BC i: 
zero. 


(2) №. = 8 

(3) Vo = Vc + Area in load diagram 
Vp =8+0=8KN 
Voz = Vo — Row 
№: =8-8=0 


To draw the Moment Diagram 
(1) Moment in segment AB is zero 
(2) Ms = —28 kN-m 
(3) Mc = Mp + Area in shear diagram 
Mc = —28 + 0 = —28 kNm 
Mo = Mc + 12 =-28 + 12 


Me = -16 kNm 
(4) Mo = Mc; + Area in shear diagram 
М = –16 + 8(2) 


Mo = 0 


Problem 442 


Beam carrying the uniformly varying load shown in Fig. P-442. 


Solution 442 
УМь = 0 


V2 LWe = 1 


Wo УМа-0 
ІК, = ФІ (4Lw,) 


L Е: = +Lw. 


(1) М =R, = 1/6 Lw, 
A 3 (2) ^im Va + Area in load diagram 
= 1/6 Lwe — 1/2 нд 
« --1/3 Lw, 
(3) Location of zero ad E 


By squared property of parabola: 
x | (1/6 Pep = L? / (1/6 Lwe + 1/3 Lwa) 
6x! = 212 


x-L/ 3 
(4) The shear in AB is a parabola with vertex at A, 
the starting point of uniformly varying load. 
The load in AB is 0 at A to downward ws or — 
w, at B, thus the slope of shear diagram is 
decreasing. For decreasing slope, the 


(2) Mc = Ма + Area in shear diagram 
Me = 0 + 2/3 (L/N3)(1/6 Lw,) 
M; = 0.06415L?w, = Ma, 

(3) M, = М. + Area in shear diagram 
чыч -» see figure for solving A, 


For Ас 
A, = 1/3 L(1/6 Lw, + 1/3 Lw,) 
-1/3(ЦЧ3Х1/6 Шы) 
— 1/6 Live (1 — ЦА) 
Ay = 0.1666712%, — 0.032081 уу, 
— 0.07044L2w, 
A, = 0.06415L2w, 
Ms = 0.06415L*w, – 0.06415L^w, = 0 
(4) The shear diagram is second degree curve, 
fis лэх тууж daga ix a ЗАН degens 
curve. The maximum moment (highest point) 
occurred at C, the location of zero shear. The 
value of shears in AC is positive then the 
moment in AC is increasing; at CB the shear is 
negative, then the moment in CB is 
decreasing. 


Problem 443 


Beam carrying the triangular loads shown in Fig. P-443. 


Solution 443 


2 —k— ue 


Ry = Мм Lw Rz = % Lwo 


' Load Diagram 


By symmetry: 
Rı=R:= +GLw,) 


Rı = Rə эь iLw, 


To draw the Shear Diagram 

(1) V = В, = 941 , 

(2) Ve = V, + Area in load diagram 
Ve = % Lwe — Y2 (L/2)(w,) = 0 

(3) Vc = Va + Area in load diagram 
Ve = 0 – 15 (L/2)(w,) = —М м, 

(4) Load in AB is linear, thus, V, is second degree or 
parabolic curve. The load is from 0 at A to Wo (Wo is 
downward or -wo) at B, thus the slope of Vas is 
decreasing. 

(5) Vec is also parabolic since the load in BC is linear. 
The magnitude of load in BC is from —w, to 0 or 
increasing, thus the slope of Мөс is increasing. 


To draw the Moment Diagram 
(1) М,=0 
(2) M, = M, + Area in shear diagram 
М = 0 + 2/3 (L/2)(1/4 Lw,) = 1/12 Lw, 
mu Ms + Area in shear diagram 
= 1/12 Lwe — 2/3 (L/2)(1/4 eo AE 0 
(4) Hie rd degree because the shear diagram in AC 


degree. 
(5) Tle shes iran A ү НЕНТ thus the slope 
of moment diagram from A to C is decreasing. 


Problem 444 


Beam loaded as shown in Fig. P-444. 


Solution 444 
Total load 
= 2[£(L/2)(w.)] 


= iw, 


By symmetry 
Ri = Ёз = + x total load 


В, - Rə = + Lw, 


To draw the Shear Diagram 
We “» (1) Yy=R, =% Ly 
(2) Ve = V, + Area in load diagram 
Ve = % Шмо — Y2 (L/2)(Wo) = 0 
(3) Ve = Ve + Area in load diagram 
Ve =0- 1 (L/2)(w,) =—%4 1м, 


parabola) 
To draw the Moment Diagram 
(1) Ma =0 
ae Ma + Area in shear di 


(3) Wa Mg + Area in shear diagra 


downward third degree curve. 


(4) The shear diagram in AB is second degree 
curve, Тһе shear in AB is from -Ус 
(downward we) to zero or increasing, thus, 
the slope of shear at АВ is increasing (upward 


parabola). 

(5) The shear diagram in BC is second degree 
curve. The shear in BC is from zero to -We 
(downward w,) or decreasing, thus, the slope 
of shear at BC is decreasing (downward 


= 0 + 1/3 (20% DO VA Uw, 


= 1/24 L’wo – 1/3 (L/2)(% ie) = 0 
(4) The shear diagram from A to C is decreasing, 
thus, the moment diagram is a concave 


Problem 445 


Beam carrying the loads shown in Fig. P-445. 


Figure P-445 80 kN/m 


Ry Rz 
Solution 445 
EMm=0 
5R; = 80(3) + 90(2) 
Е, = 84 КЧ 
EMm n 0 
5R; = 80(2) + 90(3) 
Е, = 86 kN 
Checking 
R, + R, = Р, +F, ok! 
To draw the Shear Diagram 


(1) Va = В; = 84 kN 
(2) Ve = Va + Area in load diagram 
Vs = 84 — 20(1) = 64 kN 
(3) Ve = Ve + Area in load diagram 
Vc = 64 — 15 (20 + 80)(3) = —86 kN 
(4) Vp = Vc + Area in load diagram 
Vp = —86 + 0 = —86 kN 
Voz = Vo + Rz = -86 + 86 = 0 
(5) Location of zero shear: 
From the load diagram: 
y/(x*1)- 80/4 
y = 20(x + 1) 
Ve = Ve + Area in load diagram 
0 = 64 — 15 (20 + у)х 
(20 + y)x = 128 
[20 + 20(x + 1)]x = 128 
20x? + 40x – 128 = 0 
5x? + 10x- 32 = 0 
x = 1.72 and -3.72 
use x = 1.72 m from B 
(5) By squared property of parabola: 
zj (1 +x? = (2 + 86) / 4 
162 = 7.39842 + 636.2624 
8.60162 = 254.4224 
z = 73.97 kN 


137.5 kN-m 


m 

: To draw the Moment Diagram 

i (1) M =0 

: (2) M, = M, + Area in shear diagram 
! Me = 0 + 15 (84 + 64)(1) = 74 kN-m 


Moment Diagram 


(3) Me = Me + Area in shear diagram 
Me = 74 + A, - see figure for A, and A, 
For Ay: 
Ay = 2/3 (1 + 1.72)(73.97) - 64(1) 
— 2/3 (1X9.97) 
A, = 63.5 
Me = 74 + 63.5 = 137.5 kN-m 
(4) Me = M; + Area in shear diagram 
Mc = Me — А 
For Az: 
A; = 1/3 (4)(73.97 + 86) 
— 1/3 (1 + 1.72)(73.97) 
— 1.28(73.97) 
Figure for solving A, and A; A, = 51.5 
Ме = 137.5 – 51.5 = 86 КМ т 
(5) Mp = Ме + Area in shear diagram 
Mp = 86 – 86(1) = 0 


Problem 446 


Beam loaded and supported as shown in Fig. P-446. 


50 kN 50 kN 


20 kN/m 


2. ДШШЩ... 
“ШИШ ШШ 


Figure P-446 


Solution 446 
XFS.-0 
4w, + 2[ 1 w,(1)] = 20(4) + 2(50) 
510, = 180 
=36 kN/m 


To draw the Shear Diagram 
(1) Y= 
(2) Vs = Va + Area in load diagram 
Vs = 0 + Уз (36)(1) = 18 kN 
Vg; = Va — 50 = 18 – 50 
Vg; = -32 KN 
(3) The net uniformly distributed load in 
BC is 36 - 20 = 16 kN/m 


Ve = Vg; + Area in load diagram 
Vc = -32 + 16(4) = 32 kN 
мал Мс-50-32-50 
c; = —18 kN 
(4) op dae 
Vo = –18 + Уз (36X1) = 0 
(5) The shape of shear at AB and CD are 
parabolic spandrel with vertex at A and D, 


respectively, 
(6) MA ARN Хэдэн URINE 
the midspan or 2 m from B. 


To draw the Moment Diagram 

(1) Ma=0 

(2) Mp = M, + Area in shear diagram 
Me = 0 + 1/3 (1)(18) 
Me = 6 kN-m 

(3) Мана = Mp + Area in shear diagram 
Maii = 6 — Уз (32)(2) 
Myniispan = —26 kN-m 

(4) Mc = Маацаа + Area in shear diagram 
Mc =-26 + 26 + Vs (32)(2) 

Moment Diagram Me = 6 kN-m 

"M M. + Area in shear diagram 

= 6- 1/3 (1)(18) = 0 

T he ec d A 

3" degree curve while at BC is 2™ degree 


симе, 


Finding the Load & Moment Diagrams with Given Shear 
Diagram 


INSTRUCTION 


In the following problems, draw moment and load diagrams corresponding to the given 
shear diagrams. Specify values at all change of load positions and at all points of zero 


shear. 


Problem 447 


Shear diagram as shown in Fig. P-447. 


V (Ib) 
В 2 3 2 > 2 
2400 
1000 
400 
—— x (ft) 
Figure P-447 
—4000 
Solution 447 
2000 Ib 4400 Ib 1000 Ib 
To draw the Load Diagram 


(1) A 2400 Ib upward force is acting at 
point A. No load in segment AB. 

(2) A point force of 2400 — 400 - 2000 
lb is acting downward at point B. 
No load in segment BC. 

(3) Another downward force of 
magnitude 400 + 4000 = 4400 16 
at point C. No load in segment CD. 

(4) Upward point force of 4000 + 1000 
= 5000 lb is acting at D. No load 
in segment DE. 

(5) A downward force of 1000 lb is 
concentrated at point E. 


To draw the Moment Diagram 

(1) Ma=0 

(2) Ma = M, + Area in shear diagram 
Mg = 0 + 2400(2) = 4800 Ib.ft 
My, is linear and upward 

(3) Mc = Me + Area in shear diagram 
Me = 4800 + 400(3) = 6000 Ib ft 
Mec is linear and upward 

(4) М = Me + Area in shear diagram 
Mo = 6000 — 4000(2) = —2000 Ib ft 
Мо is linear and downward 

(5) Me = М + Area in shear diagram 
М; = –2000 + 1000(2) = 0 
Moe is linear and upward 


-2000 lb-ft 
Moment Diagram 


Problem 448 


Shear diagram as shown in Fig. Р-448. 


Figure P-448 


Solution 448 


To draw the Load Diagram 
(1) A uniformly distributed load in AB is acting 
downward at a magnitude of 40/2 - 20 


kN/m. 
(2) Upward concentrated force of 40 + 36 = 
76 kN acts at B. No load in segment BC. 
(3) А downward point force acts at C at a 
magnitude of 36 — 16 - 20 kN. 

(4) Downward uniformly distributed load in СО 
has a magnitude of (16 + 24)/4 = 10 kN/m 
& causes zero shear at point F, 1.6 m from 


c 

(5) Another upward concentrated force acts at 
D at a magnitude of 20 + 24 = 44 kN. 

(6) The load in segment DE is uniform and 
downward at 20/2 — 10 kN/m. 


To draw the Moment Diagram 
(1) M =0 
(2) Ms = Ma + Area in shear diagram 
М» = 0 — 15 (40)(2) = —40 kN.m 
М, is downward parabola with vertex at A. 
(3) M: = M, + Area in shear diagram 
М: =—40 + 36(1) = —4 kN.m 
Ma is linear and upward 
(4) M. = Me + Area in shear diagram 
M, = —4 + 15 (16)(1.6) = 8.8 Кт 
(5) Mp = M, + Area in shear diagram 
М = 8.8 – 15 (24)(2.4) = -20 kNm 
Men is downward parabola with vertex at F. 
(6) Me = Mp + Area in shear diagram 
M, = —20 + 15 (20(2) = 0 
Moe is downward parabola with vertex at E. 


Problem 449 


Shear diagram as shown in Fig. P-449. 


Figure P-449 


Solution 449 


TER m. 600 Ib/ft To draw the Load Diagram 


(1) Downward 4000 Ib force is concentrated at 
A and no load in segment AB. 

(2) The shear in BC is uniformly increasing, 
thus a uniform upward force is acting at a 
magnitude of (3700 4 4000)/2 - 3850 
lb/ft. No load in segment CD. 

(3) Another point force acting downward with 
3700 — 1700 = 1200 lb at D and no load in 
segment DE. 

(4) The shear in EF is uniformly decreasing, 
thus a uniform downward force is acting 
with magnitude of (1700 + 3100)/8 = 600 


Ib/ft. 
(5) Upward force of 3100 Ib is concentrated at 
end of span F. 


Г 
p To draw the Moment Diagram 
Lm : (1) The locations of zero shear (points G and 
Н) can be easily determined by ratio and 
proportion of triangle. 
(2) М-0 


(3) M, = M, + Area in shear diagram 
М» = 0 — 4000(3) = –12,000 Ib.ft 
(4) Mc = Ма + Area in shear diagram 
Me = –12,000 — ¥ (80/77)(4000) 
Me = -14,077.92 lb-ft 
(5) M; = Mg + Area in shear diagram 
М: = –14,077.92 + 15 (74/77)(3700) 
Mc = –12,300 lb-ft 
(6) Mp = Mc + Area in shear diagram 
Mp = —12,300 + 3700(3) = —1200 lb-ft 
(7) M, = Mp + Area in shear diagram 
M, = –1200 + 1700(4) = 5600 lb-ft 
(8) My = Me + Area in shear diagram 
My = 5600 + i (17/6Х1700) 
My = 8,008.33 
-14,077.92 Ib. (9) Mp = My + range in ны diagram 
| М, = 8,008.33 — % (31/6)(3100) = 0 
Moment Diagram 


Problem 450 


Shear diagram as shown in Fig. P-450. 


Solution 450 


i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
i 
| 
1 
| 


———- — 


To draw the Load Diagram 

(1) The shear diagram in AB is uniformly upward, 
thus the load is uniformly distributed upward at 
a magnitude of 900/4 = 225 lb/ft. No load in 


segment BC. 
(2) A downward point force acts at point C with 
magnitude of 900 Ib. No load in segment CD. 


(4) The load in DE is uniformly distributed 
downward at a magnitude of (1380 — 900)/4 = 
120 Ib/ft. 

(5) An upward load is concentrated at E with 
magnitude of 480 + 1380 = 1860 Ib. 

(6) 480/4 = 120 Ib/ft is distributed uniformly over 
the span EF. 


To draw the Moment Diagram 

(1) М =0 

(2) Ms = M, + Area in shear diagram 
Ms = 0 + 7 (4)(900) = 1800 Ib.ft 

(3) Me = M, + Area in shear diagram 
Me = 1800 + 900(2) = 3600 lb-ft 

(4) Mo = Mc + Area in shear diagram 
Mo = 3600 + 0 = 3600 Ib.ft 

(5) Me = Mp + Area in shear diagram 
М: = 3600 — ¥2 (900 + 1380)(4) 
Me = -960 lb-ft 

(6) Me = Me + Area in shear diagram 
Me = -960 + 15 (480)(4) = 0 

(7) The shape of moment diagram in AB is upward 
parabola with vertex at A, while linear in BC and 
horizontal in СО, For segment DE, the diagram 
is downward parabola with vertex at G. G is the 
point where the extended shear in DE intersects 
the line of zero shear. 

(8) The moment diagram in EF is a downward 
parabola with vertex at F. 


Problem 451 


Shear diagram as shown in Fig. P-451. 


(kN) Figure P-451 
10 


2'*-degree curve 


Solution 451 


To draw the Load Diagram 

(1) Upward concentrated load at A is 10 kN. 

(2) The shear in AB is а 2%-degree curve, thus 
the load in AB is uniformly varying. In this 
case, itis zero at А to 2(10 + 2)/3 = 8 kN at 
B. No load in segment BC. 

(3) A downward point force is acting at C in a 
magnitude of 8 – 2 = 6 kN. 

(4) The shear in DE is uniformly increasing, thus 
the load in DE is uniformly distributed and 
upward. This load is spread over DE at a 
magnitude of 8/2 = 4 kN/m. 


To draw the Moment Diagram 
(1) To find the location of zero shear, F: 
х210 = 37/(10 + 2) 
х= 2.74 т 
(2) М, =0 
(3) M, = M, + Area іп shear diagram 
Mr = 0 + 2/3 (2.74)(10) = 18.26 kN.m 
(4) Mg = Mr + Area in shear diagram 
M, = 18.26 – [1/3 (10 + 2)(3) 
— 1/3 (2.74010) – 10(3 – 2.74)] 
Me = 18 kN-m 
(5) Mc = Ms + Area in shear diagram 
Mc = 18 - 2(1) = 16 kNm 
(6) Mp = M; + Area in shear diagram 
Mp = 16 – 8(1) = 8 kN-m 
(7) М: = Mp + Area in shear diagram 
Me = 8 — 15 (2)(8) = 0 
(8) The moment diagram in AB is a second 
degree curve, at BC and CD are linear and 
downward. For segment DE, the moment 
diagram is parabola open upward with vertex 
at E. 


Moving Loads 
From the previous section, we see that the maximum moment occurs at a point of zero 
shears. For beams loaded with concentrated loads, the point of zero shears usually 


occurs under a concentrated load and so the maximum moment. 


Beams and girders such as in a bridge or an overhead crane are subject to moving 
concentrated loads, which are at fixed distance with each other. The problem here is to 
determine the moment under each load when each load is in a position to cause a 
maximum moment. The largest value of these moments governs the design of the 


beam. 


SINGLE MOVING LOAD 


For a single moving load, the maximum moment occurs when the load is at the midspan 
and the maximum shear occurs when the load is very near the support (usually 


assumed to lie over the support). 


Position for 
maximum 
moment 


y 


TWO MOVING LOADS 


For two moving loads, the maximum shear occurs at the reaction when the larger load 


is over that support. The maximum moment is given by 


(PL- Pd) 
4PL 


М.х = 


where P, is the smaller load, Р, is the bigger load, and Р is the total load (P = P, + P»). 


THREE OR MORE MOVING LOADS 


In general, the bending moment under a particular load is a maximum when the center 
of the beam is midway between that load and the resultant of all the loads then on the 
span. With this rule, we compute the maximum moment under each load, and use the 

biggest of the moments for the design. Usually, the biggest of these moments occurs 


under the biggest load. 


The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 


remaining loads are still on the span. 


The maximum shear occurs at the reaction where the resultant load is nearest. Usually, 
it happens if the biggest load is over that support and as many a possible of the 

remaining loads are still on the span. In determining the largest moment and shear, it is 
sometimes necessary to check the condition when the bigger loads are on the span and 


the rest of the smaller loads are outside. 


Solved Problems in Moving Loads 


Problem 453 
A truck with axle loads of 40 kN and 60 kN on a wheel base of 5 m rolls across a 10-m 


span. Compute the maximum bending moment and the maximum shearing force. 


Solution 453 
R = 40 + 60 = 100 kN R 


xR = 40(5) 
x=200/R 
x = 200/100 


x=2m 


For maximum moment under 40 КМ wheel: 
EMm =0 

10R; = 3.5(100) 

Ri = 35 kN 


R = 100 kN 


Мт» the left o£40 kx = 3.28, 
Мт» the left of 40k = 3.9(35) 
Мт. the left of 40 EN = 122.5 kN-m 


For maximum moment under 60 kN wheel: 
XMmn ES 0 

108: = 4(100) 

R2=40kN 


Мт» the right of 60kN 7 AR; 
Мт» the right of 60 kn = 4(40) 
Мт» the ight of ok = 160 kN-m 


Thus, Ма» = 160 kN-m 


The maximum shear will occur 
when the 60 KN is over a support. 
EMm =0 

10R, = 100(8) 

Е, = 80 kN 


Thus, Vmax = 80 kN 


Problem 454 


Repeat Prob. 453 using axle loads of 30 KN and 50 KN on a wheel base of 4 m crossing 


an 8-m span. 


Solution 454 
R=30+50= 80kN 


xR = 4(30) 
x=120/R 
x = 120/80 


х= 1.5 р 


Maximum moment under 30 kN wheel: 
EMm =0 
ЗЕ; = 2.75(80) 
Ri = 27.5 kN 


Мт» the left o£sokN = 2.79R, 
Мт» the left of 30 = 2.75(27.5) 
Мт» the left of 30k = 79.625 kN-m 


Maximum moment under 50 kN wheel: 
EMm =0 
8R- = 3.25(80) 
Е, = 32.5 kN 


Mie the ight of 50kN = 3.25R2 
Мт, the right of 50k = 3.25(32.5) 
Mo the right of 50kN = 105.625 kN-m 


Thus, M. = 105.625 kN-m 


The maximum shear will occur 
when the 50 KN is over a support. 
УМа = 0 

ЗК. = 6.5(80) 

Е, = 65 КМ 


Thus, Vmax = 65 kN 


Problem 455 
A tractor weighing 3000 Ib, with a wheel base of 9 ft, carries 1800 Ib of its load on the 


rear wheels. Compute the maximum moment and maximum shear when crossing a 14 


ft-span. 

Solution 455 
Е = И, + И; 
3000 = 1800 + W; 
W;- 1200 Ib 
Rx = 9W; 
3000x = 9(1200) 


x — 3.6 ft 


W, = 1800 Ib W, = 1200 Ib 
3.6 ft 5.4 ft 
€ 
528 188 528 
Ry R; 


— 


7ft s= 


— ип 
Ry 


W, = 1800 Ib R=3000Ib үү. 1200 Ib 


P111 


W, = 1800 Ib А = 3000 Ib 


x 5.4' CIN = 1200 Ib 


Ri 


K———— 14ft — 


When the midspan is midway 
between W, and R, the front wheel 
W; will be outside the span (see 
figure). In this case, only the rear 
wheel W, = 1800 Ib is the load. The 
maximum moment for this condition 
is when the load is at the midspan. 

Ri = Rz - 5 (1800) 

Rı = 900 Ib 


Maximum moment under W, 
Мт the left of rear wheel = 7Ri 
Miro the left of rear wheel = 7 (900) 
Mie the left of rear whee! = 6300 lb-ft 


Maximum moment under W; 
EMm =0 
14R2 = 4.3R 
148: = 4.3(3000) 
R- = 921.43 lb 


Myo the right of front wheel = 4.3Е, 
Mo the right of front wheel = 4.3(921.43) 
Мт» the right of front wheel = 3962.1 Ib-ft 


Thus, Maz = Мто the left of rear wheel 
Mat = 6300 Ib-ft 


The maximum shear will occur when the 
rear wheel (wheel of greater load) is 
directly over the support. 


УМь = 0 

14R; = 10.48 
14R, = 10.4(3000) 
R, = 2228.57 Ib 


Thus, Vmax = 2228.57 Ib 


Problem 456 
Three wheel loads roll as a unit across a 44-ft span. The loads are P, - 4000 Ib and P; - 
8000 Ib separated by 9 ft, and Рз = 6000 Ib at 18 ft from P;. Determine the maximum 


moment and maximum shear in the simply supported span. 


Solution 456 


R=P,+P,+P3; 
В = 4k 8k + 6k 
R = 18 kips 

R = 18,000 Ibs 


xR = 9P, + (9 + 18)P, JH 9 ——— 18 --4 
х(18) = 9(8) + (9 + 18)(6) 
x=13 ft > the resultant R is 13 ft from Р: 


Maximum moment under Р, 
> Ма»: = 0 

44R, =15.5R 

44R, = 15.5(18) 

R, = 6.34091 kips 

В, = 6,340.91 lbs 


Mo the left of Fi = 15.58: 
Morro the left of rı = 15.5(6340.91) 
Miro the left of Pı = 98,284.1 Ib-ft 


Maximum moment under Р, 
УМь= 0 

44Rı = 20R 

44R, = 20(18) 

R, = 8.18182 kips 

R, = 8,181.82 Ibs 


Mo the left of P2 = 20Ri - 9Р, 
Мт, the left of r2 = 20(8,181.82) 

- 9(4000) 
Мт, the left of r2 = 127,636.4 Ib-ft 


Maximum moment under Рз 


XR -0 
44R,=15R 
44R, = 15(18) 


К, = 6.13636 kips 
К, = 6,136.36 Ibs 


Mo the right of rs = 15R2 
Miro the right of P3 = 15(6,136.36) 
Мт» the right of P3 = 92,045.4 Ib-ft 


Thus, Mmax = Mro the left of P2 


= 127,636.4 lb-ft 
x = 13’ 
P= Р, = | Р, = 6 The maximum shear will occur 
Е $ when P, is over the support. 

УМь= 0 

445, = 358 

44R, = 35(18) 

---2---4 В, = 14.3182 kips 
= R, = 14,318.2 tbs 


Thus, Vmax = 14,318.2 Ibs 


Problem 457 
A truck and trailer combination crossing a 12-m span has axle loads of 10, 20, and 30 
kN separated respectively by distances of 3 and 5 m. Compute the maximum moment 


and maximum shear developed in the span. 


Solution 457 
R=10+20+30 


— "- R - 60 kN 
10 kN 20 kN 30 kN 


xR = 3(20) + 8(30) 
х(60) = 3(20) + 8(30) 


х-5ш 


Maximum moment under 10 КМ 


УМь:-0 
128,-3.58 
126, = 3.5(60) 
128; = 210 
Ri = 12.7 КМ 
Мт, the left of 10kN = 3.ЭВү 
= 3.5(12.7) 
= 61.25 kKN-m 


Maximum moment under 20 kN 


Mo the left of zo = ЭВ:-3(10) 
= 5(25) - 30 
=95kN-m 


When the centerline of the beam is midway between 
reaction R = 60 kN and 30 kN, the 10 kN comes off 
the span. 


R=20+30 
R=50kN 


xR = 5(30) 
x(50) = 150 
х= Зр from 20 kN 


УМа = 0 
12R; = 5R 
12R, = 5(50) 
R- = 20.83 kN 


Мто the right of so kN = 9R2 
= 5(20.83) 
= 104.17 kN-m 


Thus, the maximum moment will occur when only 


the 20 and 30 KN loads are on the span. 


М.х = Мто the right of 30 kN 
Mya, = 104.17 КМ-ш 


The maximum shear will occur when the three loads 
are on the span and the 30 kN load is directly over the 
support. 


x-5m 
10 kN 20 kN 30 kN 


XMg-0 
12R; - 9R 
12R; = 9(60) 
К = 45 kN 


Thus, Vax = 45 kN 


Stresses in Beams 

Forces and couples acting on the beam cause bending (flexural stresses) and shearing 
stresses on any cross section of the beam and deflection perpendicular to the 
longitudinal axis of the beam. If couples are applied to the ends of the beam and no 
forces act on it, the bending is said to be pure bending. If forces produce the bending, 


the bending is called ordinary bending. 


ASSUMPTIONS 


In using the following formulas for flexural and shearing stresses, it is assumed that a 
plane section of the beam normal to its longitudinal axis prior to loading remains plane 
after the forces and couples have been applied, and that the beam is initially straight 
and of uniform cross section and that the moduli of elasticity in tension and 


compression are equal. 


Flexure Formula 
Stresses caused by the bending moment are known as flexural or bending stresses. 


Consider a beam to be loaded as shown. 


Consider a fiber at a distance y from the neutral axis, because of the beam's curvature, 
as the effect of bending moment, the fiber is stretched by an amount of cd. Since the 
curvature of the beam is very small, bcd and Oba are considered as similar triangles. 


The strain on this fiber is 


By Hooke's law, = = o / E, then 


which means that the stress is proportional to the distance y from the neutral axis. 


(6). 


Considering a differential area dA at a distance y from N.A., the force acting over the 


area is 
y E 
dF = fh dA = —EdA- —ydA 
р F 


The resultant of all the elemental moment about N.A. must be equal to the bending 


moment on the section. 


fra rb 


E 
M=—|y'dA 
1 
[уа =I] 
but then 
M= EI orp- H 
p M 
substituting p = Ey / №, 
Ey _ Е 
fh M 
then 
_ My 
А 1 
апа 
Мс 
( fe max I 


The bending stress due to beams curvature is 


The beam curvature is: 


where p is the radius of curvature of the beam in mm (in), M is the bending moment in 
N:mm (1041), fy is the flexural stress in MPa (psi), I is the centroidal moment of inertia 
in тит“ (in^), and c is the distance from the neutral axis to the outermost fiber in mm 


(in). 
SECTION MODULUS 
In the formula 


: Mc M 
(» )max чи Эв 


г Ife" 


the ratio I/c is called the section modulus and is usually denoted by S with units of mm? 


(in?). The maximum bending stress may then be written as 


This form is convenient because the values of S are available in handbooks for a wide 


range of standard structural shapes. 


Solved Problems in Flexure Formula 


Problem 503 

A cantilever beam, 50 mm wide by 150 mm high and 6 m long, carries a load that 
varies uniformly from zero at the free end to 1000 N/m at the wall. (a) Compute the 
magnitude and location of the maximum flexural stress. (b) Determine the type and 
magnitude of the stress in a fiber 20 mm from the top of the beam at a section 2 m 


from the free end. 


Solution 503 


A oH 
|8 
=, 


Чї Л) Жм 
Il 

rales: roles 
N o) 


ll 
Ji 
= 


N 


- 
эн» 
м 
— 


А S 
4d E 


(a) The maximum moment occurs at the support (the 
wall) or at x = 6 m. 


h = 150 mm 12 
= 6000(1000)(75) 
(fr )шах — SOS0P оо 
12 
(f )max = 32 MPa 


(b) Ata section 2 m from the free end or at x = 2 m at 
fiber 20 mm from the top of the beam: 


M= a? - 00) 
h = 150 mm M= 20 N.m 


My _ (280)(1000)(55) 
I 50(150)° 
12 
f = 0.8691 MPa = 869.1 kPa 


Problem 504 

A simply supported beam, 2 in wide by 4 in high and 12 ft long is subjected to a 
concentrated load of 2000 Ib at a point 3 ft from one of the supports. Determine the 
maximum fiber stress and the stress in a fiber located 0.5 in from the top of the beam 


at midspan. 


Solution 504 

УМр = 0 

12R, = 9(2000) 
В; = 1500 Ib 


УМв:-0 
128: = 3(2000) 
R2 = 500 Ib 


Maximum fiber stress: 
i 1500 Ib 


c-2in 


P 


b=4in 
N.A. 


-500 Ib 
Shear Diagram 


мэ 


b=2in 


! 4500 lb-ft 


TW Me _ 4500(12)(2) 


2(4)° 
12 


( f )max = 10,125 psi 


Moment Diagram 


Stress in a fiber located 0.5 in from the top of the 


beam at midspan: 
M, _ 4500 
6 9 
Mm = 3000 Ib-ft 
_ My 
^ I b=4in 
n 3000(12)(1.5) 
2(47) 
12 


f» = 5,062.5 psi 


Problem 505 
A high strength steel band saw, 20 mm wide by 0.80 mm thick, runs over pulleys 600 
mm in diameter. What maximum flexural stress is developed? What minimum diameter 


pulleys can be used without exceeding a flexural stress of 400 MPa? Assume E = 200 


GPa. 
Solution 505 
Flexural stress developed: 
EI 
M = — 
р 
c, Mc _ (EI/p)c 
» 1 1 
js Ес  200000(0.80/2) 
ийг” 300 
fo = 266.67 MPa 
Minimum diameter of pulley: 
20 mm Ec 
0.80 mm p= — 
` р 
400 - 200000 (0.80 / 2) 
p 
р = 200 mm 
diameter, d = 400 mm 
Problem 506 


A flat steel bar, 1 inch wide by М inch thick and 40 inches long, is bent by couples 
applied at the ends so that the midpoint deflection is 1.0 inch. Compute the stress in 


the bar and the magnitude of the couples. Use E = 29 x 10° psi. 


Solution 506 
(p - 1)? + 20 = p? 
р2- 2p + 1 + 400 = p? 


TX 1" 2р = 401 
a ye p= 20054 
51 Cross Section 
i ' 5 ЕГ 
0 s 1 % р м Xi. 
ын ' P = 1 i р 
= a | 8 9 i Mc _ (EI / p)c 


20" =) 1 Ї I 


Ta Ec | (29x10°)(1/8) 


p 200.5 
Б = 18 079.8 psi 
f; 7 184 ksi 
но (29 х 10°) 0227 
e o 200.5 
M = 188.3 lb-in 


Problem 507 

In a laboratory test of a beam loaded by end couples, the fibers at layer AB in Fig. P- 
507 are found to increase 60 х 1077 mm whereas those at CD decrease 100 х 10° mm 
in the 200-mm-gage length. Using E = 70 GPa, determine the flexural stress in the top 


and bottom fibers. 


Figure P-507 


Solution 507 
200 mm 


х ЭЎ: ш 


60x10? 100x10” 


x = 0.6(120 - x) 

x + 0.6x = 0.6(120) 
1.6x = 72 

х = 45 пип 


= 


95 _ 60x10” 

x+30 x 

_ 60x10~ 
45 


Stop (45 +30) 


бер = 0.1 mm lengthening 


бинт . 100x10™ 
195-х 120-х 

100х 107 
бюнт = ——— — —(195 — 45 
bottom (20-45 ) 


Orco = 0.2 mm shortening 


From Hooke's Law 


ДА Ес 
ох 
^ L 
-, . 70000(0.1) 
( fo )юр 200 
= 35 MPa tension 
в _ 70000(0.2) 
(fo )юнот 200 
= 70 MPa compression 
Problem 508 


Determine the minimum height h of the beam shown in Fig. P-508 if the flexural stress 


is not to exceed 20 MPa. 


Figure P-508 5 kN 


2.5 kN/m em | 


lim 3m 


Ry R2 


Solution 508 

УМр = 0 

3R, = 2(5) + 2(2.5)(4) 
R,710KkN 


IMa =0 
ЗЕ, = 1(5) + 1(2.5)(4) 
Ro=5kN 


f = 20 MPa 
M=5kN-m 

= 5(1000)? N-mm 
с= 1h 


5 kNm 7 | Eig 


_ 5(1000) (4h) 
gn 
Moment i? = 18 750 
h = 137 mm 


20 


-1.25 kN-m 


Problem 509 

A section used in aircraft is constructed of tubes connected by thin webs as shown in 
Fig. P-509. Each tube has a cross-sectional area of 0.20 in2. If the average stress in the 
tubes is no to exceed 10 ksi, determine the total uniformly distributed load that can be 


supported in a simple span 12 ft long. Neglect the effect of the webs. 


Solution 509 
Ri = Rz = + (12)(w) 


В, = Е, = бю 

f. = 10 ksi = 10,000 psi 

M = 18w lb-ft 

c=6 

6w 

Centroidal moment of inertia of one tube: 
А = п7 = 0.20 
т = 0.2523 іп > hollow portion of the 

ShearDiagram е tube was neglected 
18w 
4 4 
Moment Diagram Tx = 0.0032 int 


Moment of inertia at the center of the section: 
dı = 6 sin 30° = 3 in 


i zx x + Ай? 
I, = 0.0032 + 0.2(32) 
Ь = 1.8 іп 


L нь if "E Ad? 
Ь = 0.0032 + 0.2(62) 
Ь = 7.2 int 


I= 4h + 2h = 4(1.8) + 2(7.2) 
I= 21.6 in? 


18:0(12)(6) 
21.6 
w = 166.7 lb/ft 


10,000 = 


Problem 510 
A 50-mm diameter bar is used as a simply supported beam 3 m long. Determine the 
largest uniformly distributed load that can be applied over the right two-thirds of the 


beam if the flexural stress is limited to 50 MPa. 


Solution 510 
Ma -0 
ЗР, = 2w(2) 
w Nim R= i w 


XM; = 0 
3R; = 2w(1) 
Ri = (2/3) w | Ra = (4/3) w R= 240 


ун | | 3 
| (828 


where (f )max = 50 MPa 
M=4wNm 


Shear Diagram азу 25 mm лг. — л(25у 


I= 97656.25л mm* 
‚ (8/9) w | Cross-Section 

| 3 р(1000)(25) 
97656255 
w = 690.29 N/m 


90 = 


Moment Diagram 


Problem 511 
A simply supported rectangular beam, 2 in wide by 4 in deep, carries a uniformly 
distributed load of 80 Ib/ft over its entire length. What is the maximum length of the 


beam if the flexural stress is limited to 3000 psi? 


Solution 511 
By symmetry: 
Е, = Ra = + (80L) 
Ri = К = 40L 
80 Ib/ft а Mc 
(f Jan ш I 
where (f )max = 3000 psi 


M = 10L? lb-ft 
c=h/2=2in 
12 12 


h=4in 


b=2in 


_ 1012 (12)(2) 
32/3 
Moment Diagram L=11.55 ft 


Problem 512 
The circular bar 1 inch in diameter shown in Fig. P-512 is bent into a semicircle with a 
mean radius of 2 ft. If P = 400 Ib and F = 200 Їр, compute the maximum flexural stress 


developed in section a-a. Neglect the deformation of the bar. 


в} ўво 
[e] 


Figure P-512 
Solution 512 
УМ = 0 
4R. = 2(400 sin 60°) + 2(200 sin 30°) 
R4 = 223.2 Ib 
P = 400 Ib P = 400 Ib 


Ra = 223.2 lb 


M = 2(223.2) - 2(400 cos 60°) 


M = 46.4 lb-ft 

н Mc Mr 

$$), 7 —— = — 
A) I лт“ /4 
а 4M _ 4(46.4)(12) 
ae шз (0.5)? 


(É max = 5671.52 psi 


Problem 513 
A rectangular steel beam, 2 in wide by 3 in deep, is loaded as shown in Fig. P-513. 


Determine the magnitude and the location of the maximum flexural stress. 
450 Ib 


M = 3600 lb-ft 
3 ft 3 ft 


Figure P-513 


Solution 513 


EM = 0 
ӘР, = 6(450) + 3600 
R, =700 Ib 


IMa = 0 
9R; + 3(450) = 3600 
R: = 250 lb 


| M = 3600 Ibft 


Rz = 250 lb 


-750 lb.-ft 
Moment Diagram 


Mc 
(fe Dmax = =T 
where М = 2850 lb-ft 
c=h/2=3/2 
-15Ш 


_ 2850(12)(1.5) 
чы 45 


( max 11400 psi © 3 ft from right support 


Problem 514 
The right-angled frame shown in Fig. P-514 carries a uniformly distributed loading 


equivalent to 200 N for each horizontal projected meter of the frame; that is, the total 


load is 1000 N. Compute the maximum flexural stress at section a-a if the cross-section 


is 50 mm square. 


Solution 514 


At section а-а: 


ui | e 


со58-1- 
3 


x=24m 


M = xRa - 200x (x/2) 
M = 2.4(500) - 200(2.4) (2.4/2) 


M=624N-m 
g= Me _ 624(1000)(50/2) 
FU 50(507 ) 


12 
Б = 29.952 MPa 


Problem 515 


Repeat Prob. 524 to find the maximum flexural stress at section b-b. 


Solution 515 
At section b-b: 


M = zR; - 200z (2/2) 
M 7 1.5(500) - 200(1.5)(1.5/2) 


M=525N-m 
- Mc _ 525(1000)(50/2) 
т 50(50)” 

12 
f 725.2 MPa 


Problem 516 
A timber beam AB, 6 in wide by 10 in deep and 10 ft long, is supported by a guy wire 


AC in the position shown in Fig. P-516. The beam carries a load, including its own 


weight, of 500 Ib for each foot of its length. Compute the maximum flexural stress at 


the middle of the beam. 


Figure P-516 


Solution 516 
x = 10 cos 15° 
x = 9.66 ft 


zT = 500(10)(x/2) 
5T - 500(10)(9.66/2) 


T = 4829.63 Ib 
At midspan: 
T 2/2 M = T(z/2) - 500(5)(x/4) 
M = 4829.63(5/2) - 500(5)(9.66/ 4) 
Р 30° ” M = 6036.58 Ib-ft 
mor | Mc _ M(h/2) a 
2 AC ЭЭ o S аман a ler: 8 
pm л 1 bi? | 
— h=10in 
12 
ин 6036.58(12)(10/2) 
6(107) 
12 
f = 724.39 psi 
Problem 517 


A rectangular steel bar, 15 mm wide by 30 mm high and 6 m long, is simply supported 
at its ends. If the density of steel is 7850 kg/m?, determine the maximum bending 


stress caused by the weight of the bar. 


Solution 517 
w = (7850 kg/ 112)(0.015 m х 0.03 m) 
= (3.5325 kg/ m)(9.81 m/s?) 
= 34.65 N/m 
w = 34.65 N/m 15 mm Ri = Re = 6w/2 
| ы = 6(34.65)/2 
| rem 3 = 103.96 N 


R, = 103,96 N Б, = 103.96 N 


For simply supported beam subjected to uniformly 
distributed load, the maximum moment will occur at 
the midspan. At midspan: 

М = 3(103.96) - 34.65(3)(3/2) 


34.65 М/т M = 155.955 N-m 
ШШШ, мемо) 

шимээ 224 bh? 

3m 22, 

12 
R, = 103.96 N _ 155.955(1000)(30 / 2) 
Gert men Ж 

12 


(А) = 69.31 MPa 


Problem 518 

A cantilever beam 4 m long is composed of two C200 x 28 channels riveted back to 

back. What uniformly distributed load can be carried, in addition to the weight of the 
beam, without exceeding a flexural stress of 120 MPa if (a) the webs are vertical and 


(b) the webs are horizontal? Refer to Appendix B of text book for channel properties. 


Solution 518 


Relevant data from Appendix B, Table B-4 Properties 
of Channel Sections: SI Units, of text book. 


Designation......... C200 x 28 

7-5, 7 КИН нүн 3560 пип? 
УУ ЖЕДИ 64 mm 

Sxx ————Á— 180 х 10° mm? 
Ty dee T ed 0.825 x 105 пит 
r nits ase istics aria ase arma 14.4 mm 


q 
Ч 
N 
x 
2 
2 


2 
7 
2 
2 


4 


ОА 
М 
N 


х 
S 
у 


шуу 
LLULL LL LL LLL LL LL LLL LLLA 
7 


NS 


РАМЕ 


Webs are Vertical Webs are horizontal 


w kN/m 


4m 


Webs are vertical 


(fi max - 


Е 


_ M 
— 2(180x 10°) 

М = 43,200,000 N-mm 

М = 43.2 КМ 


From the figure: 
М = 4u(2) 
М = 80 
43.2 = 8w 
w = 5.4 kN/m 
w = 550.46 kg/m 


w = dead load, DL + live load, LL 
550.46 = 2(28) + LL 
LL = 494.46 kg/m 


b. Webs are horizontal 


мек = у-ү + Ax? 
Thack = (0.825 х 105) + 3560(14.42) 
1.3 = 1 563 201.6 mm? 


I = 2h44. = 2(1 563 201.6) 
І= 3 126 403.2 mm? 


Mc 
I 
M(64) 
3 126 403.2 
M = 5862 006 N-mm 
M 7 5.862 kN-m 


(А) = 


120 = 


From the figure: 


M= 4w (2) 

M=8w 

5.862 = 8w 

w = 0.732 75 kN/m 
w = 74.69 kg/m 


w = dead load, DL + live load, LL 
74.69 = 2(28) + LL 
LL = 18.69 kg/m 


Problem 519 

A 30-ft beam, simply supported at 6 ft from either end carries a uniformly distributed 
load of intensity w, over its entire length. The beam is made by welding two S18 x 70 
(see appendix B of text book) sections along their flanges to form the section shown in 
Fig. P-519. Calculate the maximum value of wo if the flexural stress is limited to 20 ksi. 


Be sure to include the weight of the beam. 


ИЕ 


Figure P-519 


Solution 519 


Relevant data from Appendix B, Table B-8 Properties 
of I-Beam Sections (S-Shapes) US Customary Units, 
of text book. 

Designation......... S18 x 70 

be TUR 103 ins 


| && Diagram (А) = = 
M 
= гд : 20 = 
| R on R 2(103) 
NE М = 4120 kipin 
Lr MEM арй 


: Diagram 


From the moment diagram: 


M = 22.5w 
: Moment 1030 _ 
' Diagram ^ = 22.5w 
w = 1526 kip/ft 


w = dead load, DL + live load, w, 
15.26(1000) = 2(70) + w, 

w, = 15 120 lb/ft 

w, = 15.12 kip/ft 


Problem 520 

A beam with an S310 x 74 section (see Appendix B of textbook) is used as a simply 
supported beam 6 m long. Find the maximum uniformly distributed load that can be 
applied over the entire length of the beam, in addition to the weight of the beam, if the 


flexural stress is not to exceed 120 MPa. 


Solution 520 


Relevant data from Appendix B, Table B-4 Properties 
of I-Beam Sections (S-Shapes): SI Units, of text book. 


Designation......... S310 x 74 
—— 833 х 10 mne 
From the shear diagram: 


Мы» = + (3) (3w) 
Max = 4.50 N-m 


/ 
4 


(fs )max = © 
nut бзен 
833x10 


w = 22,213.33 N/m 
w = 2,264.36 kg/m 


w= DL + LL 

2 264.36 = 74 + LL 
LL = 2,190.36 kg/m 
LL = 21.5 kN/m 


Problem 521 

A beam made by bolting two C10 х 30 channels back to back, is simply supported at its 
ends. The beam supports a central concentrated load of 12 kips and a uniformly 
distributed load of 1200 Ib/ft, including the weight of the beam. Compute the maximum 


length of the beam if the flexural stress is not to exceed 20 ksi. 


Solution 521 


Relevant data from Appendix B, Table B-9 Properties 
of Channel Sections: US Customary Units, of text 


Уу 
` 
` 


М 


А 
“ 
и 
d 


722221122222227/212 


2 
" 


—6 – 0.6L 


Shear Diagram 


From the shear diagram: 
М. = 5 [(6 + 0.6L) + 6](L/2) 
Maya = ЗІ + 0.1512 


(3L + 0.1512)(1000)(12) 
2(20.7) 

0.1512 + 31 – 69 =0 

І = 13.66 and -33.66 (meaningless) 

Use L = 13.66 ft 


20(1000) - 


Problem 522 
A box beam is composed of four planks, each 2 inches by 8 inches, securely spiked 
together to form the section shown in Fig. P-522. Show that Ina = 981.3 in^. If w, = 300 


Ib/ft, find P to cause a maximum flexural stress of 1400 psi. 


Бас 2in 


S 


8 in 


ё 


S 
22222224 2 іп 
Ry Rz 8 in 


Figure P-522 and P-523 


Solution 522 
_ 8(12°) 4(8°) 


am. = 


12 12 
Ixa = 981.33 іп? 


VLLLLLL 


L- 


12in| 8in| — 


22222222 


N 


22222222 


УМ, = 0 
12R, = 300(12)(6) + 3P 
R, = 1800 + 0.25P 


ХМ», = 0 
12R; = 300(12)(6) + 9P 
Ra = 1800 + 0.75P 


——ÁX ЦАЙ 
В, = 1800 + 0.25P В, = 1800 + 0.75P М = 1 [(1800 + 0.25P) 
: | + (-900 + 0.25P)](9) 
1800 + 0.25P | : M = 4050 + 2.25P lb-ft 
—900 + 0.25P : 
- " Mc 
(А) = 
(4050 + 2.25P)(6)(12) 
Е 1400 = 
-900-0.75Р 981.33 
Assumed Shear Diagram -1800-0.75Р P = 6680.63 Ib 


Check if the shear at P is positive as assumed 
-900 + 0.25P = -900 + 0.25(6680.63) 
= 770.16 Ib (ok!) 


Thus, P = 6680.63 Ib 


Problem 523 
Solve Prob. 522 if w, = 600 lb/ft. 


Solution 523 


с ft 
€ = 600 lb/ft 


R, = 3600 + 0.25P R, = 3600 + 0.75P 


3600 + 0.25P | 


—1800 + 0.25Р! 


' 
' 
' 


—1800 — 0.75P 


' 


‘Assumed Shear Diagram | —3600 — 0.75P 


' 
' 
' 
' 
1 


-1800 + 0.25P 
-1800-0,75Р 


XM = 0 
12R, = 600(12)(6) + 3P 
В, = 3600 + 0.25P 


IMa = 0 
12R: = 600(12)(6) + 9P 
Ro = 3600 + 0.75P 


M = 4[(3600 + 0.25P) 
+ (-1800 + 0.25P)](9) 
М = 8100 + 2.25P Ib ft 


Mc 
T 
(8100 + 2.25P)(6)(12) 
981.33 
P = 4880.63 lb 


(fe max = 


1400 = 


Check if the shear at P is 
positive as assumed 
-1800 + 0.25P 

= -1800 + 0.25(4880.63) 
-579.84 Ib (not ok!) 


Actual Shear Diagram 


-3600-0.75Р 


From the actual shear diagram: 


(3600 + 0.25P) - 600x = 0 
,- 3600+ 0.25P 
à 600 


М. = х (3600 + 0.25P) 
( 3600 + 0.25P ү 


М = 5 | — epo } (3600 + 0.25P) 
_ (3600 + 0.25р)? 
М. — 100 (00 
_ Мс 
(En > 
3600 + 0.25Р)? 
T mo OX 
1400 - 
981.33 


22 897 700 = (3600  0.25P)* 
P = 4740.62 Ib 


Problem 524 
A beam with an 5380 &times 74 section carries a total uniformly distributed load of 3W 
and a concentrated load W, as shown in Fig. P-524. Determine W if the 


flexural stress is limited to 120 MPa. 


Figure P-524 


Solution 524 
УМр = 0 


5R = 3W(3.5) + W(1) 
зүй w Rı = 2.ЗИ/ 


XMg = 0 
3m —k imk m SR: = 3W(.5) + W4) 


8, = 2.3W R; = 1.7W Ё, =1.7W 


' 
i 
' 
1 
D 
' 
' 
D 
' 
' 
D 
D 
' 
D 
' 


j| 


-0.7W 


©. [3 
P P 
1 1 
n2 кәре mje 
N 
(222) 
= 
N 
3 


Shear Diagram -1.7W 


From Appendix B, Table B-3 Properties of I-Beam 
Sections (S-Shapes): SI Units, of text book. 


Designation................ S380 x 74 
| €———— 1060 х 10° шаг 
А M 
Таж ACE 
(f = 
120 = 2645000) 
1060 x10 


W= 48 090.74 N 


Problem 525 
A square timber beam used as a railroad tie is supported by a uniformly distributed 
loads and carries two uniformly distributed loads each totaling 48 kN as shown in Fig. P- 


525. Determine the size of the section if the maximum stress is limited to 8 MPa. 


0.2 m 


г“, 1m —} je05m- 


Figure P-524 
Solution 525 
0.2 УЕу-0 
.2 m 0.2m 
.Sm>  M—— 1m —y [0.5 т 2.4w = 240(0.2) + 240(0.2) 
| w = 40 kN/m 
| TH] than м 
| is ttt d 
Load Diagram | : | ES: Where: 5 = 8 MPa 
! i | H x , = 
20 KN} | { 20kN; | ; Cross : d Alc 
- , Section , =sXx 
— у= „ жег) 
12 12 
аЬ ВР 
i* 
6(4.x)(10007) 
8= — 1.4 
135 
x? = 4 500 000 


x = 165.1 mm square 


Moment Diagram 


Problem 526 
A wood beam 6 in wide by 12 in deep is loaded as shown in Fig. P-526. If the maximum 
flexural stress is 1200 psi, find the maximum values of w, and P which can be applied 


simultaneously? 
| M 


R, В, 
Figure P-526 and Р-527 


Solution 526 

УМа:-0 

128, + 3(6w,) = 6P 
R, = 0.5P - 1.5w, 


: , УМ: -0 
В, = 0.5Р- 1.5, В, = 0.5Р +7.5w, | I2R; = 6P + 15(6w,) 
ы | 2 R= 0.5P+7.50, 


: 0.5р – 1.5w, : 6wa; Mc 


(А = = 
Where: & = 1200 psi 
c= h= 1 (12) = біп 
12 12 
= 864 int 


| Shear, Ib 


I 


For moment at R-: 
18w,(6)(12) 
864 

w, = 800 Ib/ft 


1200 = 


For moment under P: 

(3P -9w,)(6)(12) 
864 

14 400 = ЗР - 9w, 

14 400 = 3P - 9(800) 

P = 7200 Ib 


1200 = 


Problem 527 
In Prob. 526, if the load on the overhang is 600 Ib/ft and the overhang is x ft long, find 


the maximum values of P and x that can be used simultaneously. 


Solution 527 

УМр = 0 
600 lb/ft 128, + 600x (x/2) = 6P 
R, = 0.5Р – 2522 


128, = 6P + 600x (12 + ix ) 


В, = 0.5P – 25x? В, = 0.5Р + 600x + 25x? Е, = 0.5р + 600x + 25x? 
| 0.5р– 2552 | Мж : (Лаа 25 
Refer to Solution 526 for values 
of c and I. 
: en dm i ' For moment at R:: 
! ЗР 150% | 2 
і | 1200 - (300x~)(6)(12) 
н 864 
х2 = 48 
x = 6.93 ft 
саа For moment under Р: 
-300x? 27 2 
1200 = (3P - 150x^)(6)(12) 


864 
14 400 = 3P - 150x* 
14 400 = ЗР - 150(6.937) 
P 7 7 201.245 Ib 


Economic Sections 

From the flexure formula # = My / I, it can be seen that the bending stress at the 
neutral axis, where y = 0, is zero and increases linearly outwards. This means that for a 
rectangular or circular section a large portion of the cross section near the middle 


section is understressed. 


For steel beams or composite beams, instead of adopting the rectangular shape, the 
area may be arranged so as to give more area on the outer fiber and maintaining the 


same overall depth, and saving a lot of weight. 


(a) Rectangular (b) Wide flange (c) I-beam 
(W Shape) (S Shape) 


When using a wide flange or I-beam section for long beams, the compression flanges 
tend to buckle horizontally sidewise. This buckling is a column effect, which may be 
prevented by providing lateral support such as a floor system so that the full allowable 
stresses may be used, otherwise the stress should be reduced. The reduction of stresses 
for these beams will be discussed in steel design. In selecting a structural section to be 
used as a beam, the resisting moment must be equal or greater than the applied 


bending moment. Note: ( fb )max = M/S. 


Mie load 


a 2 Stive-load or 5гедшней = 5 
(fr )max 


The equation above indicates that the required section modulus of the beam must be 
equal or greater than the ratio of bending moment to the maximum allowable stress. A 
check that includes the weight of the selected beam is necessary to complete the 
calculation. In checking, the beams resisting moment must be equal or greater than the 
sum of the live-load moment caused by the applied loads and the dead-load moment 


caused by dead weight of the beam. 


Mresisting > Miiveload + Mdead-load 


Dividing both sides of the above equation by ( fy )max, we obtain the checking equation 


Srezisting 2 Sliveload + Sdead-load 


Assume that the beams in the following problems are properly braced against lateral 


deflection. Be sure to include the weight of the beam itself. 


Solved Problems in Economic Sections 

Problem 529 

A 10-m beam simply supported at the ends carries a uniformly distributed load of 16 
kN/m over its entire length. What is the lightest W shape beam that will not exceed a 


flexural stress of 120 MPa? What is the actual maximum stress in the beam selected? 


Solution 529 
Мьуелоаа: > 200(1000°) 
(Л ШЕН 120 


Srequired 2 1,666,666.67 mm? 
Srequired 2 1 666.67 х 10° mn» 


Зани 


Starting at the bottom of Appendix B, 
Table B-2 Properties of Wide-Flange 
Sections (W Shapes): SI Units, of text 
book, the following are the first to 
exceed the 5 above: 

Designation Section Modulus 


Shear Diagram 


і -80 kN. 
200 КМ-т: W250 х 149 1 840 x 10° пип? 


| W310 х 118 1 750 x 10° mn? 
| W360 х 101 1 690 х 105 mm? 


Moment Diagram W410 х 100 1920 х 10° mn» 


W460 х 89 1770 х 109 mm: 


W530 х 85 1810 x 10° mn? 
W610 x 82 1870 x 10° mn 
82 kg/m W690 х 125 3 500 x 105 mme 


Use the lightest section W610 x 82 


Checking: 
Sressting Z Stivetoad + Sdeadload 
Slveload = 1 666.67 x 10° mn? 


| 1025(9.81)(1000) 
i Saead-load = ———————————— 
Shear Diagram пок) 120 
| 1025 кот. | = 83.79 x 108 mm? 
— (1 666.67 x 10?) (83.79 x 109) 
——— = 1750.46 x 10° mme 


The resisting 5 of W610 х 82 is 1 870 x 10° шаг, the 5 
due to live-load and dead-load is only 1 750.46 х 10° 
mm, therefore, the chosen section is sufficient to 
resist the combined dead-load and live-load. 


Actual bending moment due to dead and live loads: 
M = Моз + Масаалсаа 
M = 200 + 1025(9.81/ 1000) 
M = 210.06 kN-m 


Actual stress: 
_M 
05 Е 
_ 210.06(1000?) 
1870 x10? 


= 112.33 MPa 


Problem 530 
Repeat Prob. 529 if the distributed load is 12 kN/m and the length of the beam is 8 m. 


Solution 530 


12 kN/m 


Shear Di ram 
agram _ 


96 kN-m | 


Moment Diagram 


52 ka/m 


| 208 kg 


Dead Load 


Shear Diagram 
416 кот. 


-208 kg | 


Moment Diagram 


Miivetoad > 96(10007) 
(fe max 120 
Srequired 2 800 x 109 mm 


зге 


From Appendix B, Table B-2 Properties 
of Wide-Flange Sections (W Shapes): SI 
Units, of text book: 
Designation 
W200 х 86 

W250 х 67 

W310 x 60 

W360 x 57 

W410 x 54 

W460 x 52 


Section Modulus 
853 х 10° mn? 
806 х 10° mne 
849 x 10° шаг 
897 x 10° mn? 
924 x 10 mm? 
943 x 10 mn? 


Use the lightest section W460 x 60 


Checking: 
Scasisting Z Stive-toed + Sdead-load 
Siive-load = 800 х 10° mn 
_ 416(9.81)(1000) 
120 
= 34 x 10° mm 
Skve-load + Saead-load 
= (800 x 10°) + (34 х 105) 
= 834 x 10° mn? 
(943 x 10° mn») > (834 х 10° mn») (ok!) 


Sdead-load 


Actual bending moment: 
M = Miive-load + Mdead-load 
M = 96 + 416(9.81/1000) = 100.08 kN-m 


Actual stress: 


(8)---3- 100.08(10007 ) 
”ТО5 943 x 10° 


(6) = 106.13 MPa 


Problem 531 
A 15-ft beam simply supported at the ends carries a concentrated load of 9000 Ib at 
midspan. Select the lightest S section that can be employed using an allowable stress of 


18 ksi. What is the actual maximum stress in the beam selected? 


Solution 531 


Маа > 4(9000)(15)(12) 


КАЕ ea > 
ын 3 8и 18000 


pU 
Srequired 2 22.5 Ш? 


! L-1isft ! 
R, = 4500 Ib Rz = 4500 Ib From Appendix B, Table B-8 Properties 


Live Load of I-Beam Sections (S Shapes): US 
Мы, = М PL Customary Units, of text book: 
Use 510 x 25.4 with 5 = 24.7 in? 
м, = 25.4 lbf ft 
Checking: 
Sresisting > Sliveload + Sdead-load 
L=15ft Stivetoad = 22.5 ir? 
R, = 190.5 Ib 8, = 190.5 Ib Я 4(25.4)(15*)(12) 
Dead Load Sdead-load = ^ — 18000 
Ma = 1/8 wel? 
= 0.48 in? 
Stive-load + Sdead-load = 22.5 + 0.48 
= 22.98 ir? 


(Sresictng = 24.7 in?) > 22.98 in? (ok!) 


Actual bending moment: 
M = Miivetoad + Maead-load 
M= {РІ + iwl 
М = 4(9000)(15) + 4 (25.4)(152) 
М = 34,464.38 lb-ft 


Actual stress: 
TN. M _ 34,46438(12) 
Мани 24.7 
(fi max = 16,743.83 psi 
(fe )max = 16.74 ksi 


Problem 532 
A beam simply supported at the ends of a 25-ft span carries a uniformly distributed load 
of 1000 Ib/ft over its entire length. Select the lightest S section that can be used if the 


allowable stress is 20 ksi. What is the actual maximum stress in the beam selected? 


Solution 532 
1 <2 
быды? м » $(1000)(25^)(12) 
Го. 20000 
м, = 1000 Ь/ ft Sara: > 46875 in? 
1-258 From Appendix B, Table B-8 Properties 
В, = 12,5001 Ry = 12,500 Ib of I-Beam Sections (S Shapes: US 
NEM Customary Units, of text book: 
Ma. = 1/8 наг Use S15 x 42.9 with 5 = 59.6 ir? 
Checking: 
Wo = 42.9 Ib/ ft Sresisting 2 Stive-load + Sdead-load 
Stiveload = 46.875 ir? 
1 =) 
" 2(42.9)(25^)(12 
L-25f саа 5(42.9)(25°)(12) 
В; = 536.25 lb В = 536.25 lb 20000 
Dead Load = 2.011 ire 
Mas, = 1/8 ма? Stive-load + Sdead-load = 46.875 + 2.011 
= 48.886 ir? 


(Syesisting = 59.6 ir?) > 48.886 in? (ok!) 


Actual bending moment: 
M = Miivetoad + Maead-load 


М = ($ WoL? )ivetoad + (Ф WoL”) dead-toad 
M = 4(1000)(25) + 2 (42.9)(252) 
M = 81,476.56 lb-ft 


Actual stress: 
Ом 
Ih © 
(к= 81,476.56(12) 


59.6 
(fe max = 16,404.68 psi 
(fi max = 16.4 ksi 


Problem 533 
A beam simply supported on a 36-ft span carries a uniformly distributed load of 2000 
Ib/ft over the middle 18 ft. Using an allowable stress of 20 ksi, determine the lightest 


suitable W shape beam. What is the actual maximum stress in the selected beam? 


Solution 533 
Mi:xe-loaa = 18,000(9) + i (9)(18,000) 
Miive-load = 243,000 Ib-ft 


Муаз > 243000(12) 
(5). 20000 


эйэ аж ke oft Srequirea 2 145.8 im 


EN lb tive Load 190001 


2000 Ib/ ft 


From Appendix B, Table B-7 Properties 


sesame of Wide-Flange Sections (W Shapes): US 
Customary Units, of text book: 
Designation Section Modulus 
эмэн ee W12 х 120 163 in? 
-18,000 Ib W14 x 99 157 in 
W16 х 89 155 іт 
WIS х 76 146 in? 
Wo = 68 Ib/ ft W21 х 73 151 in? 
W24 x 68 154 in? 
L-36ft 3 й Бо? 
R, = 1224 Ib R, = 1224 Ib Use W24 x 68 with S = 154 ir? 
Хо red Checking: 


— 2 Stive-load T Sdead-load 
Siiveload = 145.8 ir? 


i(68)362)(12) 
20000 


= 6.61 іп 
баа F Sintia = 145.8 + 6.61 
= 152.41 in? 
(Sresising = 154 in?) > 152.41 in? (ok!) 


Spin 


Actual bending moment: 
M = Miveicaa + Maead-load 
M = 243,000 + 4 (68)(362) 
М = 254,016 lb-ft 


Actual stress: 

_ М _ 254,016(12) 
a NÉ Жо 
(fi )max = 19,793.45 psi 
(А) = 19.79 ksi 


Problem 534 
Repeat Prob. 533 if the uniformly distributed load is changed to 5000 Ib/ft. 


Solution 534 
Mive-toaa = 45,000(9) + 4 (9)(45,000) 
5000 Ib/ ft Мејоза = 607,500 Ib-ft цэн 
бар Vitivetoad > 50750002) 
(бЫм 20000 


sts. — 18 ft —ske 9 ft Srequirea 2 364.5 in? 
45,000 1b tivetoad 45,000 Ib 
| | From Appendix B, Table B-7 Properties 
of Wide-Flange Sections (W Shapes): US 


45,000 Ib 


Customary Units, of text book: 
Designation Section Modulus 
W12 х 279 393 in? 
45,000 Ib W14 x 233 375 ir? 
W24 x 146 371 ir? 
W27 x 146 411 in? 
Wo = 130 Ib/ ft W30 x 132 380 in? 
LL) | Тэхээр 406 in 
L=36ft —— ага 
В, = 2340 Ib R, = 2340 Ib Use W33 x 130 with 5 = 406 ir? 
Dead Load : 
Maa = 1/8 wel? Checking: 


Sresisting 2 Siice-load * Sdead-load 

Siiceloaa = 364.5 ir? 
" _ 4(130)(367)(12) 

dead-load 20000 
= 12.636 in? 
Slive-load + Sdead-load = 364.5 + 12.636 
= 377.136 in? 

(Sonis = 406 ш?) > 377.136 ire (ok!) 


Actual bending moment: 
M = Маа + Магалсаа 
M = 607,500 + 4 (130)(362) 
M = 628,560 lb-ft 


Actual stress: 
a M » 628,560(12) 
( fe шах S 206 
(fi max = 18,578.13 psi 
( fe max = 18.58 ksi 


Problem 535 

A simply supported beam 24 ft long carries a uniformly distributed load of 2000 Ib/ft 
over its entire length and a concentrated load of 12 kips at 8 ft from left end. If the 
allowable stress is 18 ksi, select the lightest suitable W shape. What is the actual 


maximum stress in the selected beam? 


Solution 535 
УМаг-0 
88 | 12,000 248: = 16(12 000) + 2000(24)(12) 
шинж — Rı = 32,000 Ib 
ҮМа-0 
24 ft 24R; = 8(12 000) + 2000(24)(12) 
Е. = 28,000 Ib 
R, = 32,000 lb К, = 28,000 Ib 
| Live Load 4 _ 16:3 
320008  ю-х-148й-» 28000 4000 
16,000 b 4000x = 28 000(16 – х) 
4,000 Ib 32 000x = 448 000 
x 7 14 ft 
-28,1000 0) Mitwetoad = $x (28 000) = 3 (14)(28 000) 
Shear Diagram Miive-load = 196,000 Ib-ft 
б.а > Miaka > 196000(12) 
(fo nave 18000 
Srequired 2 130.67 in? 


From Appendix B, Table B-7 Properties of Wide- 


Flange Sections (W Shapes) US Customary 
Units, of text book: 
Designation Section Modulus 

W12 х 96 131 in? 

W14 х 90 143 in? 

W16 х 77 134 in? 

WIS х 76 146 ir? 

W21 х 68 140 in? 

W24 x 62 131 in? 


Try W24 х 62 with 5 = 131 ir? 


Checking: 


62 Ib/ ft Sresisting 2 Sliveload + Sdead-load 
Stive-load = 130.67 in? 
2 12 
p Ri ас ЖИ т =: Ж E lb At critical section: 
x 
| Maesdlosd = i (744 + 124)(10) 
744 ib k— x = 14 ft —» = 4340 lb-ft 
4340(12) 
Saead-load = ———— = 2.89 in? 
шиний 7718000 
-744 lb Stive-load + Sdead-load = 130.67 + 2.89 
Shear Diagram = 133.56 ir 
(Sresisting = 131 ir?) < 133.56 ir? (not ok!) 
Try W21 х 68 with 5 = 140 ir? 
68 Ib/ ft 
Checking: 
Sresisting 2 Stive-load + Sdead-load 
ын Stiveload = 130.67 in? 
В, = 816 lb В, = 816 lb 816 
| Dead Load of W21 х 68 5 = 1151361 
- 816 Ib — MÀ At critical section: 
| Maaead-load = + (816 + 136)(10) 
ян = 4760 lb-ft 
2 
4760(12) 
-816 |b Saead-load = ————_ = 3.17 in? 
Tee "18000 


Shear Diagram 


Stive-load + Saead-load = 130.67 + 3.17 
= 133.84 ш? 
(Sresisting = 140 im?) > 133.84 ир (ok!) 


Use W21 x 68 


Actual bending moment: 
M = Miive-toad + Maead-loaad = 196,000 + 4,760 
M = 200,760 Ib-ft 


Actual stress: 

E M  200,760(12) 
(fi Jenn 5 140 

( fe max = 17,208 psi 

(fe max = 17.208 ksi 


Problem 536 
A simply supported beam 10 m long carries a uniformly distributed load of 20 КМ/т 
over its entire length and a concentrated load of 40 КМ at midspan. If the allowable 


stress is 120 MPa, determine the lightest W shape beam that can be used. 


Solution 536 
Miive-taod = + (120 + 20)(5) 
= 350kN-m 
40 kN Мьуелсаа » 350(10007) 


-— бан MOT RII I r 
20 kN/m (f b )max 120 


> 2,916.67 x 10° mn? 


Iv 


мин From Appendix В, Table B-2 
Ry = 120 kN В, = 120 kN Properties of Wide-Flange Sections 
i Live Load (W Shapes): SI Units, of text book: 
120 kN Designation Section Modulus 
W310 x 202 3,050 х 10° mm? 
ширэн W360 х 179 3,120 х 10° mn 
Дом W460 х 144 3,080 x 109 mms 
W530 x 138 3,140 x 10° mn»? 
-120 kN W610 x 125 3,220 x 10° mn 


W690 x 125 3,500 х 109 mn»? 


W610 x 125 has a theoretical mass of 125.1 kg/m 
while W690 x 125 has a theoretical mass of 125.6 
kg/m. Thus, use W610 x 125 with 5 — 3,220 x 10* 


nun. 
Checking: 
Sresisting 2 Stive-load + Sdead-load 
Wo = 125.1 kg/m Stive-load = 2,916.67 х 10° mm? 
" _ $(125.1)(9.81)(10")(1000) 
L=10m — 120 
Ri = 625.5 kg В, = 625.5 kg = 127.84 x 10° mn 
асаалаа Stivetoad + Sdead-load 
Мм, = 1/8 wel? = (2,916.67 х 10°) + (127.84 x 109) 
= 3,044.51 х 10° mne 


(Ssesisting = 3,220 х 10° mn») > 3,044.4 x 10° mn? (ok!) 


Floor Framing 

In floor framing, the subfloor is supported by light beams called floor joists or simply 
joists which in turn supported by heavier beams called girders then girders pass the 
load to columns. Typically, joist act as simply supported beam carrying a uniform load 


of magnitude p over an area of sL, 


where 

p = floor load per unit area 

L = length (or span) of joist 

S — center to center spacing of joists and 


Wo = Sp = intensity of distributed load in joist. 


Column Girder Column 


5 5 5 
Typical Floor Framing Plan 


Solved Problems in Floor Framing 


Problem 538 

Floor joists 50 mm wide by 200 mm high, simply supported on a 4-m span, carry a floor 
loaded at 5 kN/m?. Compute the center-line spacing between joists to develop a 
bending stress of 8 MPa. What safe floor load could be carried on a center-line spacing 


of 0.40 m? 


Solution 538 
Part 1: 
(AL 


where: (fi)... = 8 MPa 
М = 4 (5s)(42) 


I 


В, = 10s kN В, = 10s kN = 10s kN-m 
Load Diagram c-h/2 
Mos = 1/8 wl? = 200/2 
= 100 mm 
E = 100 mm ya эн? 
8 ‚МА 12 
. . 50(2007) 
Бин: 
= 33.33 x 105 mme 
- 10s(100)(10007) 
33.33 x 10° 
s —0.267 m 
Part 2: 
R, = 0.8p kN R; = 0.8p (Aba = 
Seer where: М = iv. L2 
= 4 (0.4р)(42) 
= 0.8р 
33.33 10° 


p = 3.33 kN/m? 


Problem 539 

Timbers 12 inches by 12 inches, spaced 3 feet apart on centers, are driven into the 
ground and act as cantilever beams to back-up the sheet piling of a coffer dam. What is 
the maximum safe height of water behind the dam if water weighs = 62.5 lb/ft? and ( f, 


Jmax = 1200 psi? 


Solution 539 
Timber We = 62.51 Ib/ ft? 


Е Sheet Pile F= twh (3) 
„тл |E F = 1 (62.5h)h 
= 4 F = 93.7512 Ib 
127 = i 
= h 
E F M=(4h)F 
Е! цэ M = ih (93.7510) 
а 55 We М = 31.25й5 Ib-ft 


( же” 1 


3 
1200 = 21258 (12)(12/2) 
57 12(12°) 


12 


57 


ООС 
ҳ 
5% 


252 


(7 
+ 


e 


С? 
Q 


OO 
525052 

25252595 

хх хх 


Ф, 
e 


h = 9.73 ft 


52525252 


2 
c 


15 
ete 


x 


Problem 540 

Timbers 8 inches wide by 12 inches deep and 15 feet long, supported at top and 
bottom, back up a dam restraining water 9 feet deep. Water weighs 62.5 Ib/ft®. (a) 
Compute the center-line spacing of the timbers to cause f, = 1000 psi. (b) Will this 
spacing be safe if the maximum fp, ( fb )max = 1600 psi, and the water reaches its 


maximum depth of 15 ft? 


Solution 540 


Part (a) 
w, = 62.5(9s) 
10, = 562.5s Ib/ ft 


Fo = iw.(9) 
E, = +(562.5s)(9) 
F» = 2531.25s Ib 


УМа = 0 

15R2 = 12Р, 

15R; = 12(2531.255) 
Ro = 2025s 


Умр = 0 

15R, = 3F,, 

15R, = 3(2531.25s) 
R, = 506.255 


Location of Maximum Moment 
y _ 562.5 

x 9 
y 7 62.5s 


506.255- +ху= 0 


506.255 — + х (62.5sx) = 0 


х? = 16.2 
x = 4.02 ft 


Maximum Moment 


M = (506.25s)(6) + 2 (x)(506.25s) 
M = 3037.55 + 337.5(4.02s) 


М = 4394.255 


Required Spacing 


Mc 


I 


4394.255(12)(12 /2) 


(А) 


1000 


s = 3.64 ft 


Part (b) 


w, = 62.5(15)(3.64) 
w, = 3412.5 Ib/ ft 


Ry 


8,531.25 Ib 


2 
Ч 
8, 
[] 
= 


17,062.5 Ib 


Shear Diagram 


= 1(3412.5)(15) 


Fo 


25,593.75 Ib 
50 
= 17,062.5 Ib 


15R: = 10(25 593.75) 


Fo 
15R: -10Р, 


УМь-0 
15R; -5Е, 

15R, = 5(25 593.75) 
В, = 8,531.25 Ib 


Location of Maximum Moment (Shear = 0) 


y _ 3412.5 
x 15 
у = 227.5x 


8531.25- + xy =0 
853125 — 1 2(227.5х) = 0 
= уз 
x = 8.66 ft 
Maximum Moment 
М- 3 х(8531.25) 
М- 3 (8.66)(8531.25) 
М = 49,255.19 lb-ft 


Actual Stress 
- Mi 
= = 
. _ (49 255.19)(12)(12 /2) 
» 8(127) 
12 


Б = 3,078.36 psi > 1600 psi 


Therefore, the 3.64 ft spacing of timbers is not 
safe when water reaches its maximum depth of 
15 ft. 


РгоБЇет 541 
The 18-ft long floor beams in a building are simply supported at their ends and carry a 
floor load of 0.6 Ib/in?. If the beams have W10 x 30 sections, determine the center-line 


spacing using an allowable flexural stress of 18 ksi. 
Solution 541 


w, = (0.6 Ib/in)(12 in/ft)*(s ft) 
10, = 86.45 a ft 


a ZZ _ = ””” 


| 


Ri = Rə = + (86.45)(18) 
= 777.6s lb 


Maas = 777.65 (9) — 86.45 (9)(4.5) 
= 3499.25 lb-ft 


From Table B-7 in Appendix B of textbook: 
Properties of Wide-Flange Sections (W-Shapes): US 
Customary Units. 

Designation Section Modulus, $ 

W10 х 30 32.4 ir? 


м 

A= с 

18,000 = 349925 (12) 
324 


5= 13.9 ft 


Problem 542 
Select the lightest W shape sections that can be used for the beams and girders in 
Illustrative Problem 537 of text book if the allowable flexural stress is 120 MPa. Neglect 


the weights of the members. 


- (8-3) (8-3) (8-3) 
10 kN/m? | 10 kN/m? | 10 kN/m? | 10 kN/m? 
(G - 2) 
Stair well 
(G - 1) 
(8-2) (B-1|] (B-D (8-2) 
10 kN/m? | 5 kN/m? | 5 kN/m* | 5kN/m? | 10 kN/m? 


Figure in Illustrative Problem 537 


Solution 542 


For Beams (B - 1) 
Total Load, W = 5(2 x 4) 
= 40 kN 


Distributed Load, w, = W/L = 40/4 
nai =10kN/m 


Е == ¿W= 5 (40) 


Ma, = Ry(L/2) – 10(L/2)(L/4) 
= 20(4/2) — 10(4/2)(4/4) 


= 20 kN-m 
ё _ M _ 20010007) 
gani 120 


Srequised = 166 666.67 mm? 


Уугсай саа = 18(9.81/1000) 
= 0.17658 kN/m 


0.35316 kN 


0.35316 kN 


Dead Load 
Meas = 1/8 Wo 12 


20 КМ 


20 kN 


20 kN 


From Appendix B, Table B-2 Properties of Wide- 
Flange Sections (W Shapes) SI Units, of text 
book: 


Designation Section Modulus 
W130 х 28 167 x 105 mn 
W150 x 24 168 x 10° mn 
W200 х 22 194 x 10° шаг 
W250 x 18 179 х 105 mn 


Consider W250 х 18 with 5 = 179 x 10° mm 


Checking: 
Sresisting 2 Skiveload + Sdeadoad 
Sresisting = 179 x 10° пип? 
Siive-load = 166 666.67 mn? 
Мала [4(0.17658)(4*)]1000 
5 120 
= 2.943 mn? 
179 х 10° 2 166 666.67 + 2.943 
179 x 10 > 166.67 x 10 (ok!) 


Sdend-load 


Use W250 x 18 for B-1. 


For Girder (G - 1) 


M _ 40010007) 

Stiveload р “инээ” 
[3 120 

= 333.33 x 10° mm? 


a From Appendix B, Table B-2 
Properties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 
Designation Section Modulus 
W200 x 36 342 x 10 шаг 
W250 x 33 379 x 10° mn? 
W310 х 28 351 x 10 mn? 


Consider W310 x 28 with 
5 = 351 x 10 пш? 


Wonn-weignt = 28(9.81) 


= 274.68 N/m 
L=6m 
Ry Мы = 1/8 w, L? R 
20 kN 
15 kN/m 
10 kN/m 


Checking: 
дыі 2 S required T ЬИР 
Supplied = 1790 x 10° mn 
Srequired = 333.33 х 10° mm? 
M 


own-weight 
fo 
_ [4(274.68)(6°)](1000) 


120 
= 10 300.5 шаг 


Sioc ын 


1790 х 10? > (333.33 х 102) + 10 300.5 
1790 х 10° > 343.63 х 10° (ok!) 


Use W310 x 28 for G-1. 


For Beams (B — 2) 
=Mz> =0 
6R; = 20(4) + 10(2)(5) + 15(4)(2) 
В, -50КМ 


УМа = 0 
6Re = 20(2) + 10(2)(1) + 15(4)(4) 
R- = 50 КЧ 


Location of Maximum Moment 


From Appendix B, Table B-2 Properties of Wide 
Flange Sections (W Shapes): SI Units, of text book: 


Designation Section Modulus 
W200 х 71 709 x 10° mm? 
W250 х 67 806 х 10° mm? 
W310 х 52 747 x 10 mn? 
W360 x 51 796 x 10° mn? 
W410 х 46 773 x 10 пш? 


Consider W410 х 46 with 5 = 773 x 10° mn? 


Checking: 
Segue Sou Эрхиний 
Wonn- weight = 46(9.81) Supplied = 773 х 10° mn 
on Srequirea = 695 х 10° mn 
Mown-weight 
5 
_ ¢(451.26)(4°)(1000) 


Sown-weight zm 
L-4m 


Mmax = 1/8 We L? Ч 120 
= 7521 mn? 


Srequired T Sown-weight EX (695 X 105) + 7521 
= 702 521 mn? 


(Szupptied = 773 x 10° mn) > 702 521 mm? (ok!) 
Use W410 х 46 for B-2 


For Beams (B - 3) 
Ma, = + (20)(62) 
= 90 kN-m 
Srequired € Mmax 
А 
_ 50аооо) 
120 
М = 1/8 we L? = 750 x 10° mn? 


Ri = 60 kN R; = 60 kN 


From Appendix B, Table B-2 Properties of Wide 
Flange Sections (W Shapes): SI Units, of text book: 


Designation Section Modulus 
W200 x 86 853 x 10° mne 
W250 х 67 806 х 10° шаг 
W310 х 60 849 х 10° mne? 
W360 x 51 796 x 10° mm? 
W410 x 46 773 х 10° mn? 


Consider W410 х 46 with 5 = 773 х 10° mm 


From the Checking of B - 2 
Sown-weight = 7221 mn 
Srequired + болацы = (750 х 10°) + 7521 
= 757 521 mm: 


(S.uppiied = 773 x 10° шар) > 757 521 mm? (ok!) 


Use W410 x 46 for B-3 
This section is the same to B- 2 


60 kN 60 kN For Girders G - 2 


_ M _ 120(10007) 
h 120 
= 1000 х 105 mm? 


2m S required 


: From Appendix B, Table B-2 
Properties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 
Designation Section Modulus 
-60 kN | W250 x 89 1100 х 10° mm? 

| W310 х 74 1060 х 10° mm? 


| | | | W360x64 1030 x 10 шаг 
СО т=== | W410x60 1060 x 10 mm? 


W460 x 60 1120 х 10° mne? 


There are two options, both exceeds the required S of 
1000 х 10 рап. One is W410 х 60 with theoretical 
mass of 59.5 kg/m and the other is W460 x 60 with 


theoretical mass of 59.6 kg/m. For economic reason, 
we prefer W410 x 60. 


Checking: 
5$ыррһеа 2 Srequired + Sown-weight 
Supplied = 1060 x 10° mm? 
Srequired = 1000 х 105 mm? 
M 


own-weight 
fo 
_ $(588.6)(6^) (1000) 


120 
= 22 072.5 mne 


Sown-weight xs 


Ry R; 


Мы = 1/8 w, L? 
= 1 022 072.5 пип? 
(S.uppiied = 1060 х 10° mn») > 1 022 072.5 mm: (ok!) 
Use W410 x 60 for G-2 


Summary: 


W410 х 46 


W410 х 60 


W310 х 28 


Problem 543 
A portion of the floor plan of a building is shown in Fig. P-543. The total loading 
(including live and dead loads) in each bay is as shown. Select the lightest suitable W if 


the allowable flexural stress is 120 MPa. 


ке Wall 


Figure P-543 


Solution 543 
For Member B- 1 


аша” м 
Wa = 22.5 kN/m fe : е 
ТЇЇ ] . 3(22.5)(5" )(1000° ) 
120 
= 586 x 10° пип? 
R, = 56.25 kN В, = 56.25 kN 
icu Deja From Appendix B, Table B-2 Properties 


Maar = 1/8 Wo 12 of Wide-Flange Sections (W Shapes): SI 
Units, of text book: 

Use W410 x 39 with 5 = 634 x 10° пип? 
for member B - 1. 


R, = 28.125 kN Ry = 28.125 kN 
Member G — 1 


! 28.125 kN 


—28.125 kN 
Shear Diagram 


28.125 kN 


18.75 kN/m 


For Member G- 1 
M = 2.5(28.125) 
= 70.3125 kN-m 


M 
Srequired Ag os 
Jb 
_ 70.3125(1000°) 
120 
— 586 x 10° mn? 


From Appendix B, Table B-2 Properties 
of Wide-Flange Sections (W Shapes): SI 
Units, of text book: 


Use W410 х 39 with S = 634 x 10 пип? 
for member G - 1. 


For Member B - 2: 
EMm =0 
7R; = 28.125(5) + 18.75(2)(6) 
+ 30(5)(2.5) 
В, = 105.804 kN 


У.Мац -0 
7R; = 28.125(2) + 18.75(2)(1) 
+ 30(5)(4.5) 
R; = 109.821 kN 
Location of Maximum Moment: 
х 2: 9—5 
109.821 40.179 
40.179x = 549.105 – 109.821x 
x = 3.6607 m 


Maximum Moment 
M= + (3.6607)(109.821) 


109.821 КМ 


Shear Diagram 


= 201.01 КХлп 


28 201.01(10007 ) 
" X 120 


Srequired = 1 675 x 10° mn? 


From Appendix B, Table B-2 Properties of Wide- 
Flange Sections (W Shapes): SI Units, of text book: 


Use W610 x 82 with 5 = 1 870 х 10° mn? for member В 
-2. 


For Member B - 3 
_ M _ 1(37.5)(72)(1000°) 
f, 120 


J 


Srequired = 1 914 x 10° пип? 


Srequired 


From Appendix B, Table B-2 
Properties of Wide-Flange Sections 
(W Shapes): SI Units, of text book: 


81 Member B — 3 Rz 
Mmax = 1/8 Wo 12 
Use W610 x 92 with 5 = 2 140 х 105 
mmn? for member B - 3. 
Summary: 


W410 х 39 


W610 х 92 

W610 x 82 

W610 х 82 
W610 х 92 


W410 x 39 


Unsymmetrical Beams 

Flexural Stress varies directly linearly with distance from the neutral axis. Thus for a 
symmetrical section such as wide flange, the compressive and tensile stresses will be 
the same. This will be desirable if the material is both equally strong in tension and 
compression. However, there are materials, such as cast iron, which are strong in 
compression than in tension. It is therefore desirable to use a beam with unsymmetrical 
cross section giving more area in the compression part making the stronger fiber 
located at a greater distance from the neutral axis than the weaker fiber. Some of these 


sections are shown below. 


The proportioning of these sections is such that the ratio of the distance of the neutral 
axis from the outermost fibers in tension and in compression is the same as the ratio of 
the allowable stresses in tension and in compression. Thus, the allowable stresses are 


reached simultaneously. 


In this section, the following notation will be use: 


fy = flexure stress of fiber in tension 

fyc = flexure stress of fiber in compression 
N.A. = neutral axis 

У: = distance of fiber in tension from N.A. 

Ус = distance of fiber in compression from N.A. 
M, = resisting moment 

M, = resisting moment in compression 


M; = resisting moment in tension 


Solved Problems in Unsymmetrical Beams 

Problem 548 

The inverted T section of a 4-m simply supported beam has the properties shown in Fig. 
P-548. The beam carries a uniformly distributed load of intensity уу, over its entire 


length. Determine wo if fy, x 40 MPa and fy. x 80 MPa. 


Ім = 30 х 10° mm’ 


Figure P-548 
Solution 548 
М... = $w, L 
Мы 8” We kN/m 
= 2w, = = 
L=4m 
Ni, = f T Ry R; 
y Member B — 1 
Мы, = 1/8 w, L? 
m, = 40(30% 10°) 
80 
= 15 000 000 N-mm 
= 15 kN-mm 
_ 80(30x 107) 
= 200 
= 12 000 000 N-mm 
= 12 kN-mm 


The section is stronger in tension and weaker in 
compression, so compression governs in selecting the 
maximum moment. 


2w, = 12 
Wə = 6 kN/m 


Problem 549 

A beam with cross-section shown in Fig. P-549 is loaded in such a way that the 
maximum moments are +1.0P Ib-ft and -1.5P lb-ft, where P is the applied load in 
pounds. Determine the maximum safe value of P if the working stresses are 4 ksi in 


tension and 10 ksi in compression. 


Ina = 192 іп! 


Figure P-549 


Solution 549 


At M = +1.0P lb-ft the upper fiber is in compression 
while the lower fiber is in tension. 

M=M, 

цайг 

y 

For fibers in compression (upper fiber): 

_ 10(192)(1000) 
2.5 

1.0P = 768 000 Ib-in 

1.0P = 64 000 Ib-ft 

P = 64 000 Ib 
For fibers in tension (lower fiber): 

РВЕ бага 

1.0Р = 192 000 Ib-in 

1.0P - 16 000 Ib-ft 

P = 16 000 Ib 


/ 
n 


At M = -1.5P lb-ft, the upper fiber is in tension while 
the lower fiber is in compression. 
M=M, 
y 


For fibers in compression (lower fiber): 
Ms d 
1.5Р = 480 000 Ib-in 
1.5P = 40 000 Ib-ft 
P = 26 666.67 Ib 
For fibers in tension (upper fiber): 
_ 4(192)(1000) 
ын 25 
1.5P = 307 200 Ibin 
1.5P - 25 600 Ib-ft 
P = 17 066.67 Ib 


The safe load P = 16 000 Ib 


Problem 550 


Resolve Prob. 549 if the maximum moments are +2.5P Ib-ft and -5.0P Ib-ft. 


Solution 550 


At M = +2.5P 
“= 10(192X 1000) 
2.5 
2.5P = 768 000 Ib-in 
2.5P = 64 000 Ib-ft 
P = 25 600 Ib 


> upper fiber 


_ 4(192)(1000) 
4 

2.5P - 192 000 Ibin 

2.5P = 16 000 Ib-ft 

P = 6400 Ib 


M, -» lower fiber 


At M = —5.0P lb-ft 
10(192)(1000 
Ms MÀ E ) 
5.0P - 480 000 Ib-in 
5.0P = 40 000 Ib-ft 
Р = 8000 Ib 


-» lower fiber 


_ 4(192)(1000) 
2.5 

5.0P = 307 200 Ibin 

5.0P = 25 600 Ib-ft 

P-51201b 


Mi: > upper fiber 


Use P = 5120 Ib 


Problem 551 
Find the maximum tensile and compressive flexure stresses for the cantilever beam 


shown in Fig. P-551. 


Ina = 100 х 10° mm* 


10 KN Figure P-551 


Solution 551 


M = 4(6)(3) – 10(6) 
=12kN-m 


R= 4(6) – 10 
-14КМ 


10 14 
14x = 60 – 10x 
х= 2.5 т 


- Му 
заг 


ша At M=+12.5kN-m 
g, = 125(130)(1000°) 
` 100 х 10° 

=16.25 MPa > upper fiber 
- 12.5(200)(1000°) 
à 100 x 10? 
-12 kN-m — 25 MPa -» lower fiber 


х= 2,5 т! 
Shear Diagram 


12.5 kN-m 


Moment Diagram 


At M = -12 kN-m 
_ 12(200)(1000" ) 
= 7 100x108 
— 24 MPa -» lower fiber 
_ 12(130)(1000°) 
100 x 107 
=15.6MPa > upper fiber 


fr 


Maximum flexure stresses: 
foc = 24 MPa at the fixed end 
fa = 25 MPa at 2.5 m from the free end 


Problem 552 
A cantilever beam carries the force and couple shown in Fig. P-552. Determine the 


maximum tensile and compressive bending stresses developed in the beam. 


5 kip 


Figure P-552 


Solution 552 

R=5kip 

М = 5(8) – 30 
30 kipft — М= 10kipft = 10 kip-ft 


А= 5 kip At M = +10 kip-ft of moment diagram 
. 2 10(6)(12) 
p —9 
-8ksi upper fiber 


_ 10(2)(12) 
90 
= 2.67 ksi > lower fiber 


№ 


-20 kip-ft 


At M = —20 kip-ft of moment diagram 


"Эн 20(2)(12) 

Joc 90 
— 5.33 ksi -» lower fiber 
= 20(6)(12) 

№ 90 
= 16 ksi > upper fiber 

Maximum bending stresses: 
fie =8 ksi 


for = 16 ksi 


Problem 553 
Determine the maximum tensile and compressive bending stresses developed in the 


beam as shown in Fig. P-553. 


1500 Ib 


M = 4500 lb-ft 


Ri Figure P-553 8: Ig, = 96.0 in" 
Solution 553 
УМа-0 
158: + 4500 = 1500(9) 
1500 lb M = 4500 Б} Ri = 600 Ib 
, УМа = 0 
, : 158» = 1500(6) + 4500 
К = 900 Ib 
mm 0197 
3 EE DE dis 
1173 zb | At M = +3600 Ib-ft 
; Moment pi 3600(2.5)(12) 
сораи T 96.0 
кн. = 1125 psi > upper fiber 
fu  36008.0)12) 
i 96.0 
= 3600 psi > lower fiber 
At M = -1800 lb-ft 
1800(8.0)(12 
fe= (8.0)(12) 
96.0 
= 1800 psi Э lower fiber 
бе 1800(2.5)(12) 
t 96.0 
-5625psi -> upper fiber 
Maximum flexure stresses 
foe = 1800 psi 


fe = 3600 psi 


Problem 554 
Determine the maximum tensile and compressive stresses developed in the 
overhanging beam shown in Fig. P-554. The cross-section is an inverted T with the 


given properties. 


1600 lb 4000 Ib 
3 ft 6Ё 68 " 
8, В, La = 84 int 
Figure P-554 
Solution 554 
YMz = 0 
12R; = 1600(15) + 4000(6) 
В. = 4000 Ib 
YXMza -0 
12R, + 1600(3) = 4000(6) 
Ra = 1600 lb 
1600 Ib 4000 Ib лэн Му 
Load d 
Diagram 
[3f 6 ft ok ef At M = 4800 lb-ft 
| _ 4800(2)(12) 
Ry = 4000 Ib Rı = 1600 Ib foc = ae 
| 2405 | | -137143 psi > lower fiber 
Shear 
Diagram fx 4800(7)(12) 
Љ ED mm 


= 4800 psi > upper fiber 


Moment At M = +9600 lb-ft 
пани 4. 9600(7)(12) 
Р, ос 84 
- 9600 psi > upper fiber 


—4800 lb-ft 


ae 9600(2)(12) 
J ot 84 
= 2742.86 psi > lower fiber 
Maximum flexure stress: 


fre = 9600 psi 
fix = 4800 psi 


Problem 555 
A beam carries a concentrated load W and a total uniformly distributed load of 4W as 
shown in Fig. P-555. What safe value of W can be applied if fj. < 100 MPa and fy < 60 


MPa? Can a greater load be applied if the section is inverted? Explain. 


4W 


8, 8, Ina = 24 х 10° тт! 


Figure P-555 


Solution 555 


(5Мь:-0| А4. =6W+ 4M2) 


=3.5W 
- W N/m = 4W px 


|(5Ма-0| 4R+2W=4W(2) 
R=15W 


E 4-x 
2.5W 1.5W 
1.5Wx = 10W - 2.5Wx 


х= 2.5 т 


AtM=-2W 

For lower fiber, f- < 100 MPa 
_ 2W(125)(1000) 

24 х 10° 

W= 9600 N 

For upper fiber, ё < 60 MPa 
. 2W(75)(1000) 
Ee ST leet А асно А 
24» 10° 
W= 9600 N 


100 


At M=1.125W 
For upper fiber, f < 100 MPa 
_ 1.125W(75)(1000) 
24x10° 
W= 28,444.44 N 
For lower fiber, f+ < 60 MPa 
_ 1.125W(125)(1000) 
60= А ыны сыы. 
24х10 
W= 10,240 N 


100 


For safe load W, use W = 9600 N 


Discussion: 


At W = 9600 N, the allowable } in tension and 
compression are reached simultaneously when M = 
-2W. This is the same even if the section is inverted. 
Therefore, no load can be applied greater than W = 


9600 N. 


Problem 556 
A T beam supports the three concentrated loads shown in Fig. P-556. Prove that the NA 
is 3.5 in. above the bottom and that Ina = 97.0 in^. Then use these values to determine 


the maximum value of P so that fy, € 4 ksi and fy. < 10 ksi. 


lin 
len 
P ЗР Р 1 
8 in 
бай 68 6Ё 48 
Ry 8: + 
lin 
Figure P-556 | 4 in > 
Solution 556 
lin 
4 in 1.5 inf} 1.5 in 
9 in — + E 
1in 
1.5 in|} 1.5 in 
lin 
„2 Ф... л "E7] ГД = 
А, - А, - А, - А 


Ay = 9(4) = 36 in? 
Аз = 9(1.5)(2) = 27 in? 
As = 1(1.5)(2) = 3 in? 
A 7 A, — A; + As 
-36-27-3 
= 120 


Ay =SAy 
127 = 36(4.5) - 27(4.5) + 3(0.5) 
у =3.5іп (ok!) 


4ft 6 ft 6 ft 
R, = 2.5P 


eal 


3 3 3 
L- 49) _ 5 15%) , 150) 

3 3 3 
I, = 244 int 


By transfer formula for moment of inertia: 
І, = Iya + Ad? 
244 = Iya + 12(3.5)° 
Ixa = 97 int (ok!) 


By symmetry: 
R, = R; = 2.5P 


At M = P lb-ft 


38 Lower fiber is in compression: 


В, = 2.5P 4P(3.5)(12) 


10,000 - 
97 


Р = 5773.81 1b 
Upper fiber is in tension: 
1000 = 2Р(9 3.50012) 
97 
Р = 1469.7 Ib 


At M = 5P Ib ft 
Lower fiber is in tension: 
_ AP(3.5)(12) 
97 
P = 2309.52 Ib 
Upper fiber is in compression 
4Р(9-3.5)(12) 
97 
P = 3674.24 Ib 


4000 


10,000 = 


For safe value of P, use P = 1469.7 Ib 


Problem 557 
A cast-iron beam 10 m long and supported as shown in Fig. P-557 carries a uniformly 
distributed load of intensity wo (including its own weight). The allowable stresses are fy 


< 20 MPa and fy. < 80 MPa. Determine the maximum safe value of wo if x = 1.0 m. 


Ry Ro Iu, = 36 х 105 тт! 
Figure P-557 and P-558 


Solution 557 


By symmetry: 
R = К, = + (10) 
= 5w, 
= Му 
f 7 
At M = -0.5w, x? N-m 
when x = 1 m, M =-0.5w, N-m 
For fiber in compression (lower) 
go - 9-5w, (50) (1000) 
36 x 107 
i, = 115 200 N/m 
We = 115.2 kN/m 
Pe For fiber in tension (upper) 
: ws -x) | 20 = 0.5:0,(180)(1000) 
36х 10? 
змо? + 0.5045-хр | we = 8000 N/m 
we = 8 kN/m 


«©, 


At M = -0.5w, x? + 0.5ш„(5 – x)? N-m 
when x-71m,M -7.5w, Nm 


-0.5wx' -0.5w,X* For fiber in compression (upper) 
_ 7.5:w,(180)(1000) 
Speo 
36x10 


We = 2133.33 N/m 
We = 2.13 kN/m 


For fiber in tesnion (lower) 


20 - 7.510,(50)(1000) 
i 36x 10° 

w, = 1920 N/m 

w, = 1.92 kN/m 


For safe load w,, use w, = 1.92 kN/m 


Problem 558 


In Prob. 557, find the values of x and w, so that w, is a maximum. 


Solution 558 
From Solution 557, tension governs at both positive 
and negative maximum moments. 
At M = -0.5w, x? N-m: 


jo = 95w.x (18011000) 
i 36x 10* 
ws = 8000/x* 


At M = -0.5w, x? + 0.5w.(5 — x)? Мат: 

[70.5w,x^ 4- 0.5], (5 — x)" ](50)(1000) 
36 x 10° 

14 400 = -0.5w, x? + 0.5w,(5 – x)? 

28 800 = —w, x? + w.(5 — x)? 

28 800 = —w, x? + w,(25 — 10x + х2) 

28 800 = —w, x? + (25 —10x)w, + w, х2 

28 800 = (25 — 10x)w. 

28 800 = (25 – 10x)(8 000/ x7) 

(28 800х2 / 8000) = 25 – 10x 

48 x? = 25 – 10x 

18x? = 125 – 50x 

18x? + 50x – 125 = 0 

x = 1.59 m and —4.37 (meaningless) 

use х = 1.59 m 


20 = 


w, = 8000 / 1.592 
w, = 3164.43 N/m 
w, = 3.16 kN/m 


